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RECALL: PREVIEW OF CALCULUS

Fangent Line Problem ‘ea Problem

EXAMPLE 1

Sacha drans the water from a hac tub. The tub holds 16000 of water [t
takes 2 hours for the water to drain completely. The volume of water i
the hot tub s modelled by
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where Vs the velume (in licees) and ©is the time (in minutes) with
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a1 Verify that the tub s empty after 2 hours, v (12 >
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b1 Approxiroate the instantanceous rate of change of the valume at the
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DEFINITION OF A TANGENT LINE WITH
SLOPE m
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For fiix) = <3¢ — 5, find the slope of the @angent line ac (1, - 4) fe’ 2 Ay )
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EXAMPLE 3
Pt f(x) = x? — 5, find the slope of the tangent line at (2,-1)
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DEFINITION OF THE DERIVATIVE

[ he derivative of Fal s
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EXAMPLE 4

Determine the derivative of the following function
fLY) = 2¢3 _ g
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EXAMPLE 7

Discuss the dlffercnunbuhty Y=ol fitg) = |
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CONSIDER...
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POWER RULE
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EXAMPLE 8

Find the derivative of the following functions.
Vo) =at v F6e) = @ (et e nomver. )
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SUM AND DIFFERENCE RULES
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EXAMPLE 9

Find the derivative of the following functions: \
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EXAMPLE 10

Find the equation of the tangent linc at v = 1 for

f(x) = 2x* =7 s y*(-,)
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DERIVATIVE OF THE SINE AND COSINE .
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EXAMPLE 11

Find the derivative of the follc:wing funictions:
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EXAMPLE 12 (14 ax )
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RATE OF |
CHANGE N
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RATE OF CHANGE

Ifs = st s the position funcuon (displacement) for an ebject moving

along a straight line, the velocity © of the objectat time ¢ is given by:

. it
L it = 5ty |
! i )
The positon of a free-falkng object (neglectng air resistance) under the
influence of gravity can be represented by the equation
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EXAMPLE 13 W) SCE) = H at T eu b 4 s,
A paintball gun shoots a pame ball 300 fu's straght = "i (— 32 N/s") ({)L »(300 F*!i)([) * [55;
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up i the air off the top of & 65 ft building,
1) What s the position function for the pamtbaii?

B) What s the paintball's average velacity for ¢
fefl,2)

<) What s the  paintballs veloaty at ¢ = 2
seconds?

) When does the pamtball but the ground?

¢l What is the maximum height of the paint ball i

and when daes this happen?
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ENAMPLE 15

Determine v' for the fallowing: i e \ *\7__1
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EXAMPLE 17
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DERIVATIVES OF TRIG FUNCTIONS ‘\7
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Which point(s) on the following function contain a horizontal
tangent line;
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EXAMPLE 19

Determine is the second derivative of:
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EXAMPLE 20

Determine the 97 derivative of fx) = cosa @2
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CARMPLE 21

A mass oy 5 SPring vibgate

s horizont
level] surface (see the

) ey, X (e
ally on 1 smoot)
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EXAMPLE 22

Differentiate the following function:

Fix) = sf %2 5 1

(See previcos

EXAMPLE 23
Find the derivative of the following functions:
) f(v) =siny? — hix) Su0 e _— . ! .
St & g } §ey = Kiaewyy 5 'txy = h (a6ey) '(x)
b)  g{x) = sin‘y h'xN = casx
g S(") 2 o' = (S‘.nt)z 6%“5 = Ax

n

e

——--——.—-«—————_____*‘ﬁ‘—
! 6(‘:3 e - Cos x. E'h’>2 C°5{3‘L) (213

(=Y -2

—

5(]:) = Siaxt

EXAMPLE 24 §0o = My 4'0ed SRz Sn | Qe cos r_‘l

Find the derivative of the following functions:
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Lse  Product Tule,  cha:a fute
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]3( = S:in (’u) 7 o
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8 P 8 3 3
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$'x) = o (b(cfxs))b'(rm)c'( )
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(
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Soely | [ Ay s
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EXAMPLE 25 b Lhony o L
Find the de, Vative of the r’ollowrng function, ‘@
) Mr'y ) 5 4. (3x*) o5 ) 3x*
a, ) n{a J xb. | X5
% F0) = ngsis ey Filey = (“’”‘-3 =>  Cosa =>{Cc£>c 2
Sinx St
G OEN I (laey™> ()t p) > (%)



EXAMPLE 26

Differentiate the following function:

) \\,IA—lun
q(x) = ln= :

L= —"]'
> fax . QA,(i-"u%\”" QM(K"S)-‘
boxe o Bt (1 -Amre) =€ fufyer-8)
Z'(x) =..‘; '/q‘(‘_;h‘-)(-sac'x-)—é(i;:s)(l"')

Z'(v.) 2 '; - Sec’ x - \9:-1-
4( 1~k x\ =5

t

DERIVATIVE INVOLVING ABSOLUTE
VALUE

1 ws adifferentiable function of v such that v = 0. then

i il
7;[‘111|u|_] — —IT

d x
— [CL“-X * (fa)o
DERIVATIVES FOR BASES OTHER THAN € ds

o™ 0ad)
Leta be aposstve real number (a0 = 1 and et e be o differentable function of Note a®re # &( i
ﬁmg v
y = T é/ [O.l 4 [ x. (o)
_> [a'] = (In @)’ 2, —[a"] = (In a)a* — dx
TA) dv
| ! | l - e %
X ‘—[Imz‘.\'] = 4. —‘—[luu ] = W P (QLCL\ & (-&-a’)
dx ™ " (Ina)y K ~ Unaudy |




EXAMPLE 27

Find the derivative of the following functions:

a) v =¢' {using the |" property) > ‘3' * (L ger
| ‘. =) e*
O [E}=3T s Sy g, g gt Y ey

(x + 1) D ey (Ax -y et 2y
<) h(fl) = ll];‘.i

C Vo =1

hee) = \oﬁq(x.u\s- l°31("‘)'/5
logq (x-1) =5 § (——= —m Y LR — o
2 Sloge (erl) - " %31 lnq(ml\ ) 3( oG (x-t)
5 _ e

IMPLICIT DIFFERENTIATION ety Binq(e-t)

How would we find the slopes of tangent lines of the
following graph: v

(a) v* + o= 25

EXAMPLE 28

a) If x¢ 4 y? = 25, find @

i

b) Determine the equauon of the tangent line at the point (3,4)

I |
) X +5" = 28 h) @(3,4) | ¢ _3/42"_25/4
Ie « 2 9% - o

dx. M= -3/y
AS 3 -}'. 5‘:[‘\14-5
d. ot Y= (-3 +b

b=a%



EXAMPLE 29 I )
a) Find y' if x* + v = 6xy vy Een *) B« %SL dﬂ/ = 65 «bx d{%
b) Find the equation of the d= ‘
tangent line at (3,3) .t é ol ) 2
c) At what point in the |* 0 : ( 3 X.—) Z - 6& - B
quadrant is the tangent line A = _
horizontal? 5/£ - 6'3 -3x’
¥
(33" -6):)
2 di = %
The folum of Descartes 5'_ :
Y-
b) @(3,3)
™M= 2(3) -t -\
EXAMPLE 30 =" )
W o-xab
Determine v’ 3 - 3+ =7 ba‘
do/t>- . .
a) vy oF iyt 4 5xt =12 @ 53‘*1+ Gx.s‘», 5»&50'54' 3 = 6
o 202 20 VA o
by simfx -+ y) =y cosy ( 5. [0t 3 P y ,} de.
S T bx 5 2 - v 30 £
COS()C!—%){,.’_ AS/); i" Xy ? 25_): > Q& (%l‘zx#w
il 25 AB/A}C%X’ “‘5‘{-5:!\:;) 6%/ - ‘4.75‘5" -dDy? 5 = ‘/Q_)CL
“ 5 s - ] | & * Lo
s (x+53)‘"c:os[>ca ) d > +6L§ x e (ax ) ’(6::(3-)"))
" 3 3 = 3 J x‘i - }" x‘ — 3
( 05 (xt-sj _.25) d:y Ay ) ‘5/ Cos x L 9 .
s = ‘/8 vé s 233
EXAMPLE 31 x¢ . kx* [rro
Determine v if x* x? n G 3
\.'..‘I-)’1 15 - ld
Ll—x + L"S A%x = @ )c_= .;Lu/‘:
3 . uy
db/dr_ . '-x/3 .- (Q %‘ 2‘/3) hos
S ) o Worizontal '("““32'”
ol 45 . 3-‘5"55 - ¥-3 (3515 s/d,x_ tine
det o
Bl -

/_"\
w
X
"’cw
K
w
=
e N\
e
\__~
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EXAMPLE 32

o rule.
Gen S I
Differentiate the following: P A =4
! Gr + 2)° O mouipie Choice
31'* i l/& 3 X = 21
% = X (x @ l ) o . '/t 3 Ptobtems (I 2‘?“‘* 8“'4'"‘!
-—.(__—-—_T 2 0—":3 = ﬁa. X ‘(x b 4% minutes
3dx ) '
) (5:;1-2) . T 0o Carruision

by = Cr)lox « (B) be(era) - 5 lfoz 2 ) = 0o e proney

' "5 = __é_i- ! (,Zk.)—'f) _.Cs)
/5 4“' b ﬂ)(xt*") C‘ix.va.)

d 3 X - 15 Buy 4 _35_ - (s V
A TR A R LI -k
GFL AL (BI*R)E

CONTINUITY AND DIFFERENTIABILITY ((\oapeimme difrentictian )
OF INVERSE FUNCTIONS

Let fbe o function whose domam s an interval £ 11 [ has anoimverse lunction,
then the follownge statements we e

etc,

Lo I s continuous on s domeann, then [ s contnoous on s domam

2001 s datlerentiable on an imterval contwnmg ¢ and o) = 0 then !
difterentiable an fie)

|5

DERIVATIVE OF AN INVERSE FUNCTION

Letfbea tunction that is duilerentsable on an imters al LTE 1 hins an iverse
funcuon ¢ then ¢ s differentiable at any 1 for which g = ) Moreover,

f(elu)) = 0,

|
|
r" J I e
f* RPN |



EXAMPLE 33

Horizontal Gine test
_ @i Fopction ([ (PassFs
Let f(x) = 3x — 5, CO‘ . " X
, l d e
1) Whatis the value of f7'(x) when x = —22 ¢ " Aes

b) What is the value of (f~H)(x)

Nwerp
J)owhen v = -2
FCK§ =3x-5 hos nvetse (PCASSeS HLT)
« X 3%‘5
‘5’%@. :E‘.():.3=§,)Cr5 5) (3“: xt$H $[_£+§_
“ ) 3 3 3
So ¥ (-3-) = (‘El)fS!___> l ! (J“)(L) . 1/3
(f“)ICL) = }5 (Gapg)
(j.l>'(_l) 2 .l/& ‘
EXAMPLE 33
Let fix) = 258 4 1. LETE say f(.‘) =,f(;) o "
a) Whatis the value of I '(x) when v = — |51 dad = 2b3 o '
Sttt o BT
b} What is the value of (7 7Y {x) when x = |5 " 3 e
' 5 jb‘b .F (J .(bS)
Sty = Aed ol [ 2T (218) > cay)’ '
3 s 3s Cbecovse s (—r (a)) - o
N = Ll —— odd | S5y
-‘c:ﬂs"‘fl @ Thus‘}'.st-l = { )
3
5 a

hos av ., 3;_(:; : ‘ 45 )

DY = (5 (5rmmyy
l =

DERIVATIVES OF INVERSE U"'“”S,”_é . o
TRIGONOMETRIC FUNeTIONS 5 -6

& =3

- al + x-
2 b)
“\ ¥
-_'-'-._
<

AW

d "’ i -u’

. [-'ITL'\III HJ = T = lill'L'L'U‘i “J = -

v Wf | = i ST = 3

o l [ J n' o [ : ] -’

B LU T 1 ) = ~— larccot 4] = -——1

Ta) + A I+ ol

o ' of -n’
— |arcsec ] = T—eee — [arcese M) = ———
v Jal s~ dy

]« =]



EXAMPLE 34

If f(x) = arcsin(x” = 1), then find:
1) The domain of |
by f'(v)

¢) The domain of [’

EXNAMPLE 3%

Let f(x) = x-arctanyy. Determine the equation of the tangent

) , o
line at the point { I, 1)

m:f,(|) |
F'(x) = orcton Jx + X "j_\ff-___ .
Le(J=)
= ovcton Jx + N x
201 x)
J’.('); oceton v . N e . /\(}*/j'&
a1y H

= ( el
= —— = % e
3 n Xeb - % (___.qoc.)‘-b

NEWTON'S METHOD  °- 4 - %

)

|I,f||i- ’

The domain o€ o functdion
i35 +he Tonge of +the inverse.

o\ domF = ?
The. Cange of Swnxe s [l
thos, e domain. of oresiay
¥ oatse fa,1]

AONF-‘[::&R]-lsx‘wéI'S

*{xen|o s x4

s 8xer| dx exedal
Codom§ = [.J7 ﬁ}

b) S(x) = oresin (x?-1)
‘\’rl-J

(¥}
i x

b=(x® )"

F(x)

1s

= A

aiso, x*(2-x*Y* o
A-x' >
a »x®
ST X L2
: Jam_y-"
: (J7,0)0 (0, 37)



EXNAMPLE 36

Staroung with vy = 2, find the third approximation v, to the root

of the equation x* — 2y — § = (),
62| ;
Note: §(2 g;;g,) * Qoeg 185743...

(Uefs clase. +o @)

l OCT. A4 /1§

RELATED RATES | t

)
,” |
I

EXAMPLE 37

Airis being pumped into a spherical balloon so that its volume
increases at a rate of 100 em* /s, How fast is the radius of the Uy "
N= 7%,

balloon increasing when the diameter is 50 cm?
Volume of o sphere = \J= ¥/5 3 -

9{_:-’__ : \O@end/s

> €= 28em (d = 5@::«3




EXAMPLE 38 6 e ut . io®

A ladder 10 ft long rests against a vertical wall. If the bottom of & 8 C P&’H\oamemu_
the ladder slides away from the wall ac a rate of | fus. how fast is

the top of the ladder sliding down the wall when the bottom of J.r:\:lc\
the ladder is 6 fc from the wall? .

iy X s posuweJ moan:iude ‘.ncrens-.ns

ke 2 | 5&fs | & P decreasing  magnitude decreon
d.t 12

fiod d&  whee 3 den.

| x "o« S « "
d . T .
) T SRR Ay de - dy -
de

A <8

— . -x e 6
e ——e L — ‘:> ‘/“P‘-{S
- W de 8

EXAMPLE 39

A water tank has the shape of an inverted circular cone with

base radius 2 m and height 4 m. If water is being pumped into the
tank at a rate of 2 m*/min, find che rate at which the water level
is rising when the water is 3 m decp.

I =) dv Qed

| — a N L}
- il > A0S
ii / h j Volume of Cone

\|/ \ ’(%)"U‘\’L

v
('P Use Vatcos 4o put

Y

/

\

\
\

Con derms  op

Va - h/q
EAMPLE 40 '~ %

Car A s traveling west at 50 mph and car B is traveling norch at
60 mph. Both are headed for the intersection of the two roads.
At what rate are the cars approaching cach other when car A is
0.3 miand car B is 0.4 mi from the intersection?

dx 2 = 5@ mph

o 4 ' . _.l_ 2—6—

R 2 (J:s-\mcc between Jwo

Poiaes ¢ de.creosuB
B N Manniiude )

de

d: = |/ X < at
o . pr i - B
2 bom de 2 Ze A

d¢ 3 1=
& %o [0t
@... -l-@.q-(-&Oth)]



ENAMPLE 41

X = 15¢k
A A man walles along a straight path at a speed of 4 f's A
searchlight is located on the ground 20 ft from the path and is L\S = A0 Fe
kept focused on the man. At what rate is the searchlight
A rotating when the manis |5 ft from the point on the path closest
J to the searchlight! dx‘. m
- = B g
’ de
o T— L
2\":J P =D Cos& Y 3@&‘-&- - 5
' A5F¢ °
ém.@ = x-/élﬁ
X = A0 ko
A
& et . dd
d -
J 3 Cost@' aﬂr.
dt S
AQ d
2y
—_— = 3
At (%)
L&
A roec wivown e o poaa
Cipple. o o i
o(‘—PP ToAe tadios g6 dhe Citele e ok Qg Cavsitey o cireular
+he @-Buts, wow Fost s the m‘“c‘euﬁ at o  constant fade
by o +he S* of the Cifcle ner .
tpple 3s am? ‘ ea S-ns when
A= agee
LA 2 Ap
d_é = 024[/" . 0{('
d.e -
7¢ "@-Bnis 4t
= 21'(,(33 . (@-5)
da |



