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DEFINITION

Suppose F0v s defined when s near the number o CTas means

that /1s defined on some open mterval that contans o except possibly atofself
Fhen we wnite

hm Ay s L
P +J
and say the hinut ot fia as vapproachies o equals /

i we can make the values of £ arbitranly close to £ (as close to § aswe hke) Iy
taking v to be sutherently close 1o o fon etther side of ) but not equal to o

EXAMPLE 1

Guess the following limit

sy
[ -
Y —-1} Y
x -0.1 —0.01 0001 0.001 0.01 01



LIMITS THAT DO NOT EXIST

0 f 0
M = | ) _ |
] I 10

ONE SIDED LIMITS

In the previous slide, we actually did one-sided limits:

Ast — 0 from the o7 i) — 0 ¢ o il
As { — 0 from the righ Hit) — 1 ¢E » 0ot

EXAMPLE 2

f i) ho f{) lim f ()
11" a2\, § e 18 0 206
i f{v) I fiv) L f ()
A | A e L Y .
It f () lim [ [x) i f{x) 1
L. ) te=d w00 Vot o ag0 <
lim f{x) it [ v) (DNEB
T e O -l = |\
Determine the linies listed above;
1 t—t=t1}
L8




ENAMPLE 2 [ANSWERS)
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Determine the limics listed above:
1 —t Tt { A%
[

FORMAL DEFINITION OF A LIMIT

Let 1 be o tuncton defined onan open mterval contaimng « texcept possibly
Ao amd der £obe areal number, The statement

Iy frv) = L
means that tor cach e Uhihere exvsts w o = Osach that it
O« |y || < &

then
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Py SE

EXAMPLE 3

Use the formal defimuon of a limit to prove that

lim(2xy —5) =1
L
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PROPERTIES OF LIMITS %

Let €50p be Qiven

Let b and ¢ be real numbers, and let i be a positive integer.

We need {o tnd I vo sue
" ’ h
y = b ) = i A, "=t '
I !1111!' f @ll}}‘ ) !“}_” *\:‘QJ‘ o \)C-Clécf, we
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ENAMPLE 4

Use the properties on the previous slide Lo determine the
following limits:

a)  lim=5 o .g

b) ,.l,],”,].-,'r S (_3) _—

g MY 5 fayte 8

PROPERTIES OF LIMITS

Lot boand ¢ be real numbers, et s be a positive integer, and let fand ¢ be
funchions with the hinits lim 1) = L I eiy) = &

. Scalir muluple: i [b (0] = bL

2. Sum or ditterence: hm [ f(xv) ¢ e =L « K
Y. Product: him [ flxieto] = LK
(vl s ;
4. Quotent !1:'1} {:“” e N+0
3, Power lim [ flx) ] = &=

Cgﬂ*e“d:u s& \



ENAMPLE 5

Determine the following limits using the propertics of limits:
& 5

""3 lim fo" - lim Aoe + Liwld

a) Illy.:.\:il\ v+ 11) e iy 2 g
5 il g = Y Lmxe*- A lmde v Liea L)
b) lm ( . — ) AT 2§ Xwa x4
bl BT W o2t 1
= R - 302y 4w
. = A\

LIMITS OF POLYNOMIAL FUNCTIONS

I poas o polvinomial tuncton and ¢ 15 areal number, then
lun plv) = ple)

I s aratonal tuncnon given by 20or = pladgouk and o as areal number such

that gty = (o then

ol
lims rdn) = ofe) = (s
tomr yhel

EXAMPLE 9

Determine the following linit:

i 20t =G0 4+ 7x ~ 13
in . 2
vk i v -5

ke /a(ny®- BOY 7Y 13
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LIMIT OF A FUNCTIONY INVOLVING R
RADICAL

Let o be a posttive mteger: The limt belosw s vabid tor all ¢ when s odd.
and s vadid for ¢ = O when s even

TR
[

Fon  erowmgle |

(R0 (5,\]";:_‘\ = %- —"@

b I

LIMITS OF COMPOSITE FUNCTIONS

W1 and ¢ are functions such that fum ¢y = 1 and |Iﬂ} ";‘I v o= (1L, then
lim flelnd) = I( [ uhl] = [t

Because
imi2e = 1) =230 - 10=8 and limdx =38 =2
teadd v

you can conclode that

Jigi YT = 10 =3B =3

LIMITS OF TRANSCENDENTAL
FUNGTIONS

Let o be o real number m the domam ot the given tngonometne function,
I imsny = sine 2 limcos ¥ = ¢os« Lohmtan v = tan e

| I 1% 4 ' L-v
4ol cot v = cotg Soohmsec v = sec ¢ . himose v = ese ¢

7. hma®=af o« =0 8 hmilnv = Ing



FUNCTIONS THAT AGREE ON ALL BUT
ONE POINT

Let e be areal number. and fet
contarning o T the hantof gboas vapproaches ¢ exsts, then the bt of (i

cludtorall v 2 coanan open interval

also ensts and

lim f1v)

C

lim el
e
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end VP ety @/w s:-\uu.{'-m\s,

EKAMPLE 6

Determine the following limit:

@ x-e3,

JQ:.)
Feoy = 3ce)

306<)
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Determine the following limits
WEFI-3y o ({5 -3 @ Mo
lim (-\—---—- {—)) = ( = . ) = /w Wotw
A q i R ) ¥ 6 —

(T\\.‘s s Colted the “&:u:6:n3 ou+” Melod )
‘lix.r"b*- 3 &_\

e S -3 i
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SQUEEZE THEDREM (s senowicy THEORER

At = fter = gl torall vinoan open snteeval contaiming o, exeept possibly
at catself, amdt

hin B0 = £ = lim el

{ hes i here
then b fE0 exasts and s equal 1o f \

THREE SPECIAL LIMITS 8 (M onin s

1. lim -\-l-?-‘- =i pROOF
% hm-'- P = (PMOG oW W BT PGC\F)
. s Mok Srue 6
Yol = 4 ,\3 Leciprocor 3 f\F:M:hKF :e:‘ha
NoTE ¢ J
Leon ¥ l
X %o $.0 X - |
Acen = {i\a\\ = afi){Snx)
A(one)
Aree = (*(@ o .
EXAMPLE 8 Veowy —— 7 =2 TB
/g [l)(’b)- <
Determine the fallowing linus: fres. & 'L\JL\. : "’g.(l}(-{m_x)
‘ s 3x > sndx 3 o i [s-.nsr. 3 A(C\?HO\ &
a) |1il,1l!" P h x 3 x40 L7 » ‘X (g(,gm_x)
b 1§
| —cas 7y o ‘.‘COS ‘?)c, ﬂre“
=) 7 = P Area fA)
b) i{n}::;r g = s = _7%(0)('?) 4,_,““) %= dne 4 Ac;:%?;
) @ S Giex £ o x L Lux
A x — — —
C fEmm e @l 2 - 2P
) !-“-111.' secx — | \ S => lim _:r;___- %
‘031) """_C.‘_:L"-‘ [sinse 5 Do io Bued I)
TR )
= lim X Cosx [+ Cosse 2 Swax & X £ e
Xwe TToo— x4 T L R Rl s
= Cosx | + Cosx. 5.0 %

= lim X fosx (f+.:oss¢) & l:m[

x k" .~ _.> | < f_— i-———-
. St 290 | Zw Ve : o5

S
= (DY (ieay = (Q] S ¢°>x(:+Cosm)1 ¥ 1% EEE 8 S




CONTINDITY

e

(Ccm fou draw o traph

A function /15 continuous at a number af

lun fixy = fia)

Notice that the above definition implicitly requires three
things if f is conunuous at «:

1. ) s defined (that s a1s m the domam of 1)

2 I

L]

3 hm fix) = f(a)

L]

n fia) exists

NOT CONTINUOUS AT x = c:
& femovable 6=5con1-.nu-¢3*—l7

fofinsd

Lgrm fe

dovs et o

C} also  Liue

Yor esqmplote. @ ¢

ENAMPLE 9

The following shows a graph for a function /. For what values

of v is [ discontinuous and justify your answer.

13
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g lim -;-Cr,) Dy

r—43

x = JONE

X =8 lim  # 5(s)

r— 8§

Wwithout M’“""‘B e peun?\

o From \veacwe

b Cos x <« i'Mm

Sine .
X~ o -5 Lim

Xbo T X—bo
[ & v Sinx 4 um [
Xdo Ty oo
lien Sax
e B2
X %0 > m
(F&r (R we  Sial-x) . - Swx
o - x x

Proor (9‘) (PG\-en-t:u.\ eXam @loop

i | -cos

X2y — |+ Cosx
x | + Cos
= lim = Casti
X by e
x(ero;x)
= i Sin?x
. R
© x(ltcosx)
S him 5:0 % Sinx
x x
e s |+ Cosde
= (l)(_o_)
[ +1
= @ @



EXAMPLE 10

Discuss the continuity of the following funcuon:

flx) o k= 2

Fisr (oo @ domera

dowm f « xe(-o, o)

RECALL (FORMALLY]

Letf be a tunction, and Tet ¢ and £ be real numbers The Lot of [ as
approaches cas Lo and ondy of

hm fo) = Loand b ) = L

ncludm end~ Peraks

CONTINUITY ON A CLOSED INTEHUM

(‘Oe\wlen lwe poiats, 2

Atunction s continuous on the closed intersal fo, b] when s continuous

on the open mterval ta b3 and

Iim flvd = fla)

and
L .

I 1) = (i '\

IDGK ot b ol ng\

(D Feay =

(@ lim %2 @ s
b -__—M @ wens
2 \im .
iy (x R)(ru) o> 2
(x-23
3) |
D Fexy “—_)r(a\ !

Mo - B

“ f s discontinuous
@ x =2



EXAMPLE 11

Discuss the continuity of f{x) = | — V1 — 1% on the
interval |—1, ]

4:5

ﬁz) = l'--\jt-x"
i
— e
]
- |

PROPERTIES OF CONTINUITY

'l

W bas areal number and fand ¢oare contimuous at v = o then the functions

histed below sire also continuous il o

Lo Scalar muoluple: by 2o Sum o dilference: 2w

!
Lo Produet. fy 4. Quotient = gled 2 0
¢

ENAMPLES OF CONTINUOUDS FUNCTIONS

» alweays  conl:nuoug

I. Polynomial:  pla) = a v 4, 0 D+ g+
ARY. ¥ Conkinuveou §
2. Ranonal: v = & 2L gl = 0 o
:ﬂ” f Ly denom # ()
X Radieal: (1) = & — 0 Contwnuvevd domones

. Togonometne: sim v cos 1t 1, con L sec L ose

S0 Exponential and loganthmie: fooh = g, fiu) = ¢l = Ina

The above functions are continuous everywhere in their domains

/—~§ \;-(r-}

1% Contiovous a (_;) |)

hen  Fee) = Feoy

vy U7
v Feey = Fear )
x|t
ThUS, 3: w5 C-O“-"-“Ubuj
on [-l' I]
Gant:au,,u_‘

Whete 2 5y



RESULT.....

The following are all contunuous functions in their respective

domains;

- v+ |

fly) 2 x5+ e )= 3any, fiy) = —

' ' COs A
o3 lnd\s

0% Cosw ¥ @

COMPOSITION OF CONTINUOUS
FUNGTIONS

s donbintieus Jat o dilc s canbintious ol @i, then ¢ oUofl wsite funcyon
i i s w !/ tnu I ¢fic) then the pasite funct

poven by Cf - gibu = et s contingous il .

Fot exompte |
Qe = Ihye ond JT(‘) :)cz-t'b‘l'- U

afe Co s
NLinveus evtf.:s Whete

Those
Cq ¢ Yeps ICx?+ By — i)

(2 Conlihvous oty dhesp domO:'\;

EXAMPLE 12

Describe the interval(s) in which the following function 1§ is

conunuous:
_ 1
) ‘
Vvye 4 7 -4

Find the tlomo.:t\. ofF F.

2 >
X-«F T B (u.tmmss {tve beecavse x,")
P 06t 6b  issve

How obheod denom. - s

I -y o e

dom e X0, 330 (-3,3) ¢ (3, o0

xtiz = U
x"'+ = l
xiE'Z =>6 o B The F s Continveus aw
X € (-2, -3y U3, 3y o (3, )



INTERMEDIATE VALUE THEOREM

I s contnuaus on the closed interval [a. b flal = (), and & s any number
Detween fhet and i then there s at Teastome gumber oo fu, B such thar

fle) = &

Feuy

Piewea 4 — i

;(.u.)

%) [ |
L I

I CAL ncb
F:nd_n_‘__

EXAMPLE 13

Show thatgg# there is a root of the equation:

4xt —x*+3x—-2=0

between | and 2.

et Foey = He's (et +Bu-2 1]

\F(I) = 4(!)3— G(I)ti 3(:) -1
B

ey =y () - 4(a) + 3(a) -2
= 1

INFINITE LIMITS

) 1
Find hm —ifat exasts
v 0 N7

A
|
\ =
\:
£ | :
hat ¢ I8 4 o B |
0.2 28 .
ad | 100
=005 400
*Q 0l 10 000 0 :
* 000l 1 000 000

(2.12)

(h,-1) Sunce & i3

Conlnuous gy

Ellll ond
;Cl)L@,

Jeay s
trea e e [1,21 s
5
(’H\uc. e;t'.ﬂ-s) ,}-&3 =

Cbib T



DEFINITION |

Let £ be a function defined on both sides of 1. except possibly at g
itsell Then

lun 1A} =

means that the values of fivkcan be made arbitrandy Targe (as large as we please)
by taking v suthiciently clase ta . but not equal to 4

(aylun fox thylim 1o

tcphme {oa

EXAMPLE 14

Determine the following limits for f(x) if
X+ 3
4 -y

a) Jim f(x)
b ril.i}‘li X))

c) 1'_?}}_1! riE)



VERTICAL ASYMPTOTES

Let and g be continuous on an open nteaval contatming o I = 00 gl = 0.
amd there exists an open terval contaming ¢ such that ¢ix) = O forall v = ¢n
the mterval, then the eraph of the tunction

flvd

fity) =
vl

haeavertical asymptote at v =

ENAMPLE 14

Determine any vertical asymptotes for the following functions:

2x

Y — 3

x% - 2x
b)  glx) ==
4 x4 2x - 1

) f(v)

o

1l

PROPERTIES OF INFINITE LIMITS

Let e and £ be real numbers, and et fand ¢ be functions such that

i fl0 = = and ety = [
Vo Xoong

I. Sum or difference: him [ /0« ela] = =

2. Product: i [ floen)] = ==, L =0
hin | flo)etx)]) = -2, L <0
el)
X Quotient lim —— =

[ f[l]



