2.5 Fuzzy Operations

3) Set Inclusion

Fuzzy sets A, B

If A is a subset of fuzzy set B,

(x) = { 1 ; ifpa(x) < pp(x)
Hacs pa(x)Tug(x) ; Otherwise

min ~ T-norm

s ifpa(x) < pp(x)
; Otherwise
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4) Set Equality (A = B)
pax) = pug(x)

~ 1 ;5 ifus(x) = pp(x)
“A=B(x)_{yA(x)Tu3(x) ; otheArwise ’

min ~ T-norm

1 5 ifua(x) =pp(x)
min(p (), up(x)) 5 ifua () # wp(x)
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pa=p(x) = {

o
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2.6 Implication (IF — THEN)
A-B
IF A THENQ
T % conseguent
onclusion
W‘~=\vabx~5
Condidton
A~X
B~Y
A- B XxY

1) Method 1 (Mamdaniimplication)

tasp(x,y) = min[ps (x), up(y)]
x€X,yeY

2) Method 2 (Larson implication)
tasp (6, y) = pa(x) - up(y)

3) Method 3 (Bounded sum implication)

tasp(x,y) = min[1, {1 — pa(x) + up ()3}
o ® |

M&(x) =
Proof:

A-B

SIRIESIEEIES
|~ = w

S~ =L




A->B=(AAB)VA

A-B=(AVAABVA
=XA(BVA)
=BVA
=1—(BVA)
4) Method 4 (Zadeh implication)
tasp(x,y) = max[min{u, (x), up ()}, 1 — pa(x)]
MV A VWV

(D
5) Method 5 (Dienes-Rescher implication)
tasp(x,y) = max[1 — p,(x), up ()]

IF uy(x) = 0.6
IF ug(x) = 0.5
Method 1 (Mamdani):
= min(0.6,0.5)
= 0.5

Method 2 (Larson):
= product(ﬂA(x),llB (x))
=0.3

Method 3:

= min[1,{1 — 0.6 + 0.5}]
= min [1, 0.9]

=0.9

Method 4:

= max[min{0.6, 0.5}, 1 — 0.6]
= max[0.5, 0.4]

=0.5

Method 5:

= max[1 — 0.6, 0.5]
= max[0.4, 0.5]
=0.5



Example 2-6 (Problem 2.16)

Consider the membership functions of fuzzy sets A and B as shown in
Figure 2.10, and expressed below:

Halx) = mu{ﬁ.

=max{0.

=0

Haly) = max{ﬂ.

10"_3} 03 £x<0.5
?—IO.X} 0.5<x<0.7
otherwise
10’;_3} 03<y<05
?—1(}3-'} 0.5<y<0.7
otherwise

The resulting expressions for the combined membership functions, which rep-
resent the five implication relations, are given in (a)-(e) below, and sketched
in Figure 2.11.

0.7

xe [0, 1]

0.7
ye[0.1]

Figure 2.10: Membership functions of fuzzy sets A and B

(b) Mamdani implication (min operation)

[10x-3 10y -3]
2 2

[10x-3 7-10y]
L 2 " 2 |
7-10x 10y -3

2 2

[7-10x 7-10y]

Solution
min
min
j,m_.a{x;}")= .
min
min
0

2 2

if 0.3=x=<0.5and0.3<y=<0.5

if 0.3=x=0.5and0.5<y=0.7

if 0.5<x=0.7and0.32y=<0.5

if 0.5<x=0.7and0.5<y=<0.7

otherwise

(a) Larsen implication (product or dot operation)

HasalX, y) =

4

4

4

4

(10x - 3)(10y - 3)
(10x - 3)(7 — 10y)
(7 —10x)(10y - 3)

(7 = 10x)(7 — 10¥)

if 0.3<x=05and0.3=sy=0.5

if 0.3=x<0.5and0.5<y<0.7

if 0.5<x<0.7and0.3<y<0.5

if 0.5<x=07and05<y=0.7

otherwise



2.7 Extension Principle and Fuzzy Relations

f~fromXtoY
(e
A

Example:

A~x€eX
B~yeY

Many to one mapping ~ max

_ pa(xy) n pa(xz) I ta(xn)

X1 X2

For fuzzy sets A and B
B =f(4)
y=fk)

Xn

_ MA(X1) n ,UA(XZ) - M(xn)

A

V1 V2
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Given fuzzy sets (X, Y)
Where:x € X,y €Y
u(x), u(y), 0~1 (binary relations)

Binary fuzzy sets
Let X and Y be two universes of discourse.

R = {(xl y)l UR (xl 3/')|XxY}
ug(x,y) ~ 2D membership function

R ="y is greater than x”
y—Xx ify>
— ;i X
uR<x,y>={x+y—2 g
0 ;ify<x

X ={3,4,5}
Y ={3,4,5,6,7}

% % 2 b 1
2 [0 0.111 0.200 0.273 0.353
R= Yo 0 0.091 0.167 0.231]
% 10 0 0 0.077 0.143

1) Max-Min Composition
R; ~ fuzzy relation on Xx Y
R, ~ fuzzy relationon Yx Z
R; and R, ~ fuzzy set X and Z

Max-Min Composition:
HUR,oR, (x,2)
= max min|ug, (x,y), Hr, (v, 2)]
= Vy[HR1 (x, J’)/\#Rz (v, Z)]

Where:
V ~ max (or)
A ~ min (and)

e Properties:

R:XxY
S:YxZ
T:ZxW

1) Associativity
Ro(SoT)=(RoS)oT

2) Distributivity
Ro(SUT)=(RoS)U(R-T)



3) Weak distributivity over intersection
Ro(SANT)E(RoS)MN(RoT)

4) Monotonicity
SET>RoSERoT

T — norm ~ min product
S — norm ~ max product

2) Max-Product Composition

Ry ~ XxY

R, ~YxZ

Hr,or, (X, 2) = man[uR1 (6, ) * g, (v, 2)]



Example 2-7

Let:
R, = "xisrelevant to y"
R, ="y isrelevant to z"

be two fuzzy relationships defined on X x Y and Y x Z, respectively, where X = {1,2,3}, Y = {«, 8,7, 5},
and Z = {a, b}. Assume that R; and R, can be expressed as the following matrices:

® B D

©[01 03 05 07
Ri= @04 02 08 09
@06 08 03 02lx Y

® ®
09 01

_ 0.2 0.3
Ro = % 05 06
07 02lY+*Z
Now, we want to find R, o R, which can be interpreted as a derived fuzzy relation "x is relevant to z"

based on R, and R,. For simplicity, suppose that we are only interested in the degree of relevance
between 2(€ X) and a(€ Z). If we adopt max min composition, then:

Solution
X={1,23}

Y ={a,pB,v, 6}
Z = {a, b}

1) Max-min composition operator
HR,oR, (x,2) - HRioR, (2,a)
= maxmin[ug, (x,7), g, (v, 2)]
= myax[0.4 A0.9, 02A0.2, 0.8A0.5 09A0.7)]

= max[0.4, 0.2, 0.5, 0.7)]
y

=0.7

2) Max-product composition operator
,u—RloRZ (x’ Z) - “—RloRZ (27 a)
= max[0.4 % 0.9, 0.2+0.2, 0.8+0.5 0.9=0.7]
= max[0.36, 0.04, 0.14, 0.63]
= 0.63



2.7 Fuzzy IF-THEN Rules

1) Linguistic Variables
{fuzzy set, universe, syntactic rule, semantic rule}

age ~ linguistic variable
set T (age)

( young;
not young;
very young;
T (age) =<{ middleaged; ;
very old;
not very old,;
\more or less old’

X = [0,100]

e Primary terms: young, middle aged, old
e Negation: not

e Hedges: very, quite, more or less

e Connectives: and, or, either, neither

e Concentration and dilation

Example:

A ~ linguistic term

MF: piy(x)

A¥ ~ modified version of the linguistic value

A¥ ~ [ pk () /x
e Concentration

CON(A) = A?
e Dilation

DIL(A) = VA



Not
f[l — pa(x)]

X

NOT(A) = -A =

Consider two terms 4, B:

x) A X
AANDB:AnB=f“A() pp (x)

x

AORB=AUB = fﬂA(X)V#B(x)
x

Example:

T(age)

Uyoung (X) = bell (X, 20,2, O)

_ 1

TS

1+(z5)

Uora (x) = bell(x, 30,3,100)
1

14 ()

For x = [0,100]:

{a) Primary Linguistic Values




{b) Composite

o !
% 0.8
(<]

206
?

_E 0.4
202

% 10 20

More or less

DIL(old) = 0ld®>

f L
e

X

Not young AND not old
= (= young) M (= old)

L T

1

Young but not very (too) young
= young N (- young?)

[11-- 1x _4]/\[1— T 100°
1+(35) 1+ (")

2

f%/\l_;

1+(2x—0) 1+

()

Extremely old

= con (con(con(old)))
((old?)?)? = old®

[ 1
_ 3
1+ ()

X

Mot Young and Not Old

Linguistic Values

T




2) Orthogonality

T = {ty, ty, ..., ty}
Universe X

e, () + pe, () + -+ pe, () =1
~ orthogonal



