
2.2 Fuzzy Sets (Cont’d) 

Crisp sets: 𝐴 {
1
0

 

Concepts and thoughts are abstract and imprecise ≠ random. 

Fuzzy logic → approximate knowledge 

 

 

 

 

 

 

 

Membership function (MF) grade. 

Consider: 

Height: 

𝐻 = 6.001 𝑓𝑡 

“Tall” MF grade: 99.9% 

𝐻′ = 5.999 𝑓𝑡 

“not Tall” MF grade: 0.01% 

Fuzzy set: 

𝐴 = {𝑥, 𝜇𝐴(𝑥)} 

𝑥 = variable ∈ 𝑋 

𝜇𝐴 = 𝑀𝐹 

𝑋 = universe of discourse 

1) Fuzzy sets with a discrete non-ordered universe 
𝑋 = {𝑀𝑜𝑛𝑡𝑟𝑒𝑎𝑙, 𝑇𝑜𝑟𝑜𝑛𝑡𝑜, 𝑉𝑎𝑛𝑐𝑜𝑢𝑣𝑒𝑟} 

𝐶 = "desired city to live in" 

𝐶 = {(𝑀𝑜𝑛, 0.5), (𝑇𝑜𝑟, 0.8), (𝑉𝑎𝑛, 0.7)} 

Graphical representation: 

 

 

 



2) Fuzzy set with a discrete ordered universe 
𝑋 = {0, 1, 2, 3, 4} 

Fuzzy set 𝐴 = “sensible number of cars in a family” 

𝐴 = {(0, 0.1), (1, 0.8), (2, 1.0), (3, 0.4), (4, 0.1)} 

Graphical representation:  

 

 

 

 

3) Fuzzy sets with a continuous space 
𝑋 = "ages" (0 ~ 120) 

Fuzzy set 𝐵 = “about 40 years old” 

𝐵 = {(𝑥, 𝜇𝐵(𝑥)}, 𝑥 ∈ 𝑋 

Graphical representation: 

 

 

 

𝜇𝐵(𝑥) =
1

1 + (
𝑥 − 40
10

)
4 

• Subjective (𝑋,𝑀𝐹) 

• Not random 

4) Other fuzzy set representations 
For a discrete, non-ordered universe: 

𝐴 =
𝜇𝐴(𝑥1)

𝑥1
+
𝜇𝐵(𝑥2)

𝑥2
+
𝜇𝐶(𝑥3)

𝑥3
+⋯  

e.g. 

𝐶 =
0.5

𝑀𝑜𝑛
+
0.8

𝑇𝑜𝑟
+
0.7

𝑉𝑎𝑛
 

For a discrete, ordered universe: 

𝐴 =
0.1

0
+
0.8

1
+
1.0

2
+
0.4

3
+
0.1

4
 

 



For a continuous space: 

𝐵 =
𝜇𝐵(𝑥)

𝑥
 

𝐵 = [
1

1 + (
𝑥 − 40
10

)
4] 𝑥⁄  

If the universe space 𝑋 is a continuous space, we can partition 𝑋 into several fuzzy sets. 

Consider: 

𝑋 = “age” 

Partitions: 

“young”, “middle aged”, “old” 

𝜇𝑌(𝑥), 𝜇𝑀(𝑥), 𝜇𝑂(𝑥), 𝑤ℎ𝑒𝑟𝑒 𝑥 ∈ 𝑋   

 

 

 

 

 

2.3 Other Concepts of Fuzzy Sets 

1) Support  
𝑠𝑢𝑝𝑝𝑜𝑟𝑡(𝐴) → {𝑥|𝜇𝐴(𝑥) > 0} 

 

 

 

 

 

2) Core 
𝑐𝑜𝑟𝑒(𝐵) → 𝜇𝐵(𝑥) = 1 

 

 

 

 

 



3) Normality 
𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑡𝑦(𝐶) → max{𝜇𝐶(𝑥)} = 1 

4) Cross-over Points 
 

 

 

 

𝜇𝐵(𝑥0) = 𝜇𝐶(𝑥0) = 0.5 

𝑥0 = a cross-over point 

5) Fuzzy singletons 
Basically, a fuzzy set in discrete form. 

Diagnosis: 

Class 1, Class 2, … 

 

 

 

 

6) 𝛼 − 𝑐𝑢𝑡 
𝐵 = {𝑥, 𝜇𝐵(𝑥)|𝜇𝐴(𝑥)≥𝛼} 

 

 

 

• Strong 𝛼 − 𝑐𝑢𝑡 

𝐵 = {𝑥, 𝜇𝐵(𝑥)|𝜇𝐴(𝑥) > 𝛼} 

7) Convexity 
Fuzzy sets are convex functions. 

 

 

 



8) Fuzzy Numbers 
A fuzzy number is a fuzzy set 

→ normality 

→ convexity (monotonically increasing, followed by monotonically decreasing, or constant) 

9) Bandwith 
 

 

 

 

𝑥2 − 𝑥1 = bandwith 

𝜇𝐴(𝑥1) = 𝜇𝐴(𝑥2) = 0.5 

10) Symmetry 
 

 

 

 

  



 

 

  



2.4 Set Operations 

1) Subset 

Consider fuzzy set 𝐴 & 𝐵 

If 𝐴 is a subset of 𝐵: 

𝐴 ⊂ 𝐵 

𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥) 

 

 

 

 

 

2) Union (Disjunction) - OR 
Given 𝐴 & 𝐵 

𝐶 = 𝐴 ∪ 𝐵     

𝜇𝑐(𝑥) = max{ 𝜇𝐴(𝑥),   𝜇𝐵(𝑥) } 

 

 

 

 

 

 

 

3) Intersection (Conjunction) – AND 
Given 𝐴 & 𝐵 

𝐶 = 𝐴 ∩ 𝐵 

𝜇𝐶(𝑥) = min{ 𝜇𝐴(𝑥),   𝜇𝐵(𝑥) } 

 

 

 

 



4) Complement (Negation) – NOT 
Given 𝐴 & 𝐵 

𝑛𝑜𝑡 𝐴 or 𝐴̅ (fuzzy set) 

𝜇𝐴̅(𝑋) = 1 − 𝜇𝐴(𝑥) 

 

 

 

 

 

 

5) Cartesian Product / Co-product 
𝐴 ~ fuzzy set in 𝑋 

𝐵 ~ fuzzy set in 𝑌 

Cartesian product 𝐴 x 𝐵  

is in 𝑋 x 𝑌 

𝜇𝐴 x 𝐵(𝑥, 𝑦) = min{ 𝜇𝐴(𝑥),   𝜇𝐵(𝑦) } 

Cartesian co-product 𝐴 + 𝐵  

is in 𝑋 + 𝑌 

𝜇𝐴+𝐵(𝑥, 𝑦) = max{ 𝜇𝐴(𝑥),   𝜇𝐵(𝑦) } 

  



2.4 Membership Functions (MF) 

1) Triangular Membership Functions 

 

 

 

 

 

 

𝜇𝐴(𝑥; 𝑎, 𝑏, 𝑐) =

{
 
 

 
 

0      𝑤ℎ𝑒𝑛 𝑥 ≤ 𝑎

(
𝑥 − 𝑎

𝑏 − 𝑎
)     𝑤ℎ𝑒𝑛 𝑎 < 𝑥 < 𝑏

(
𝑐 − 𝑥

𝑐 − 𝑏
)     𝑤ℎ𝑒𝑛 𝑏 < 𝑥 < 𝑐

0    𝑤ℎ𝑒𝑛 𝑥 > 𝑐

 

In MATLAB: 

𝑡𝑟𝑖𝑚𝑓(𝑥, [𝑎 𝑏 𝑐]) 

2) Trapezoidal Membership Functions 
 

 

 

 

 

 

𝜇𝐴(𝑥; 𝑎, 𝑏, 𝑐, 𝑑) =

{
  
 

  
 

0         𝑤ℎ𝑒𝑛 𝑥 < 𝑎

(
𝑥 − 𝑎

𝑏 − 𝑎
)     𝑤ℎ𝑒𝑛 𝑎 ≤ 𝑥 < 𝑏

        1        𝑤ℎ𝑒𝑛 𝑏 ≤ 𝑥 < 𝑐

(
𝑑 − 𝑥

𝑑 − 𝑐
)     𝑤ℎ𝑒𝑛 𝑐 ≤ 𝑥 ≤ 𝑑

0        𝑤ℎ𝑒𝑛 𝑥 > 𝑑

 

In MATLAB: 

𝑡𝑟𝑎𝑝𝑚𝑓(𝑥, [𝑎 𝑏 𝑐 𝑑]) 

NOTE: Triangular, and trapezoidal membership functions are not continuous, which means the 

derivatives functions do not exist (equal to zero). 

The following membership functions are continuous: 

  



3) Gaussian Membership Functions 

𝜇𝐴 = 𝑔𝑎𝑢𝑠𝑠(𝑥; 𝑐, 𝜎) = 𝐺(𝑥) = 𝑒
−
1

2
(
𝑥−𝑐

𝜎
)
2

 

𝑐 = center 

𝜎 = spread 

 

 

In MATLAB: 

𝑔𝑎𝑢𝑠𝑠𝑚𝑓(𝑥; [𝑐, 𝜎]) 

𝜇′(𝑥) = 𝐷𝐺(𝑥) = 𝑒−
1
2
(
𝑥−𝑐
𝜎
)
2

∙ [−
1

2
∙ 2 (

𝑥 − 𝑐

𝜎
) ∙
1

𝜎
] 

4) Generalized Bell Membership Functions 

𝜇𝐴 = 𝑏𝑒𝑙𝑙(𝑥; 𝑎, 𝑏, 𝑐) =
1

1 + |
𝑥 − 𝑐
𝑎

|
2𝑏  

 

In MATLAB: 

𝑔𝑏𝑒𝑙𝑙𝑚𝑓(𝑥; [𝑎, 𝑏, 𝑐]) 

  



5) Sigmoid Membership Functions 

𝜇(𝑥) =  𝑠𝑖𝑔(𝑥; 𝑎, 𝑐) =
1

1 + 𝑒𝑥 𝑝[−𝑎(𝑥 − 𝑐)]
 

In MATLAB: 

𝑠𝑖𝑔𝑚𝑓(𝑥; [𝑎, 𝑐]) 

 
If 𝑎 > 0, 𝑠𝑖𝑔𝑚𝑓 opens to the right 

If 𝑎 < 0, 𝑠𝑖𝑔𝑚𝑓 opens to the left 

 

𝜇′(𝑥) = 𝐷𝑆(𝑥) = −1[1 + e−𝑎(𝑥−𝑐)]
−2
𝑒−𝑎(𝑥−𝑐) ∙ (−𝑎) 

0 ≤ 𝑥 < ∞ 

 

  



2.5 Fuzzy Operations 
MFs [0, 1] 

𝐴 ~ [0, 1] 

𝐵 ~ [0, 1] 

𝐶 ~ 𝐴 ∪ 𝐵 

𝐷 ~ 𝐴 ∩ 𝐵 

[0, 1] x [0, 1] → [0, 1] 

1) Triangular Norm (T-Norm) – Generalized Intersection 
𝑎 = 𝜇𝐴(𝑥) 

𝑏 = 𝜇𝐵(𝑥) 

𝑇 = (𝑎, 𝑏),     𝑎𝑇𝑏 

Properties in table below. 

2) T-Conorm (S-Norm) 
Properties in table below. 

 

  



Example 2.3 (Similar to Example 2.13) 
Use DeMorgan’s law to determine the S-norm corresponding to max(x, y), and T-norm corresponding to 

min(x, y). 

Solution 2.3 
𝑥𝑆𝑦 = 1 − (1 − 𝑥)𝑇(1 − 𝑦) 

𝑇 → min   

= 1− min[(1 − 𝑥), (1 − 𝑦)] 

= {
1 − (1 − 𝑦) = 𝑦;     𝑥 < 𝑦

1 − (1 − 𝑥) = 𝑥;      𝑥 ≥ 𝑦
 

𝑥𝑆𝑦 = max (𝑥, 𝑦) 

Example 2.4 (Similar to Example 2.14) 
Prove that the min operator is the largest T-norm and the max operator is the smallest S-norm. 

Solution 2.4 
Nondecreasing, boundary conditions 

𝑥𝑇𝑦 ≤ 1𝑇𝑦 = 𝑦 

𝑥𝑇𝑦 ≤ 𝑥𝑇1 = 𝑥 

𝑥𝑇𝑦 ≤ min(𝑥, 𝑦) 

 


