
Given 𝑘𝑡ℎ  training data pair: 

{ (𝑥1(𝑘1), 𝑥2(𝑘2), … )𝑇, 𝑡(𝑘) } 

𝑡𝑖(𝑘) − 𝑜𝑖
(𝐿)

 ~ error 

 

Objective function of online training: 

𝐸(𝑘) =
1

2
∑(𝑡𝑖(𝑘) − 𝑜𝑖

(𝐿)
(𝑘))

2
𝑞

𝑖=1

     ;      𝑘 = 1, 2, … , 𝑛 

𝑛 = the total number of training data pairs 

 

Objective function of offline training: 

𝐸𝑐 = ∑ 𝐸(𝑘)

𝑛

𝑘=1

= ∑ ∑
1

2
(𝑡𝑖(𝑘) − 𝑜𝑖

(𝐿)
)
2

𝑞

𝑖=1

𝑛

𝑘=1

      

𝑊⃗⃗⃗ (𝐿)(𝑘 + 1) = 𝑊⃗⃗⃗ (𝐿)(𝑘) + ∆𝑊⃗⃗⃗ (𝐿)(𝑘) 

∆𝑊⃗⃗⃗ (𝐿)(𝑘) = −𝜂
𝜕𝐸(𝑘)

𝜕𝑊⃗⃗⃗ (𝐿)(𝑘)
  

 

∆𝑊⃗⃗⃗ 
𝑖𝑗
(ℓ) = −𝜂

𝜕𝐸

𝜕𝑜𝑖
(ℓ)

∙
𝜕𝑜𝑖

(ℓ)

𝜕𝑡𝑜𝑡𝑖
(ℓ)

  

𝑡𝑜𝑡𝑖
(ℓ) = 𝑤𝑖1

(ℓ)
𝑜1

(ℓ−1)
+ ⋯+ 𝑤𝑖𝑗

(ℓ)𝑜𝑗
(ℓ−1)

+ ⋯+ 𝑤𝑖(𝑚1)
(ℓ) 𝑜𝑚1

(ℓ−1)
 

 

(See previous neural network node map) 

 

Output layer 𝐿: 

𝐸(𝑘) =
1

2
∑(𝑡𝑖

(𝐿)
− 𝑜𝑖

(𝐿)
)
2

𝑞

𝑖=1

 

𝐸(𝑘) = (𝑡1
(𝐿)

− 𝑜1
(𝐿)

) + ⋯+ (𝑡𝑖
(𝐿)

− 𝑜𝑖
(𝐿)

) + ⋯+ (𝑡𝑞
(𝐿)

− 𝑜𝑞
(𝐿)

) 

𝑡𝑜𝑡𝑖
(𝐿)

= ⋯+ 𝑤𝑖𝑗
(𝐿)

𝑜𝑗
(𝐿−1)

+ ⋯ 

∆𝑊𝑖𝑗
(𝐿)

= −𝜂
𝜕𝐸

𝜕𝑜𝑖
(𝐿)

∙
𝜕𝑜𝑖

(𝐿)

𝜕𝑡𝑜𝑡𝑖
(𝐿)

∙
𝜕𝑡𝑜𝑡𝑖

(𝐿)

𝜕𝑊𝑖𝑗
(𝐿)

  



∆𝑊𝑖𝑗
(𝐿)

= −𝜂
1

2
∗ (2) (𝑡1

(𝐿)
− 𝑜1

(𝐿)
) (−1) ∗ 𝑓′ (𝑡𝑜𝑡𝑖

(𝐿)
) ∗ 𝑜𝑗

(𝐿−1)
 

𝑜𝑖
(𝐿−1)

= 𝑓 (𝑡𝑜𝑡𝑖
(𝐿)

) 

• If a sigmoid AF (activation function) is used: 

𝑓(𝑥) =
1

1 + 𝑒−𝑥
 

𝑥 = 𝑡𝑜𝑡𝑖
(𝐿)

 

𝑓(𝑥) = 𝑜𝑖
(𝐿)

 

𝑓 =
1

1 + 𝑒−𝑥
 

𝑓′ = [(1 + 𝑒−𝑥)−1]′ = −1(1 + 𝑒−𝑥)−2𝑒−𝑥(−1) 

=
𝑒−𝑥

(1 + 𝑒−𝑥)2
 

 

=
1

1 + 𝑒−𝑥  
∗ (1 −

1

1 + 𝑒−𝑥
) 

Then, 

𝑓′ = 𝑓(1 − 𝑓) 

• If 𝑜𝑖
(𝐿)

 is a sigmoid function: 

∆𝑊𝑖𝑗
(𝐿)

= 𝜂 (𝑡𝑖
(𝐿)

− 𝑜𝑖
(𝐿)

)𝑓(1 − 𝑓)𝑜𝑗
(𝐿−1)

 

= 𝜂 (𝑡𝑖
(𝐿)

− 𝑜𝑖
(𝐿)

) 𝑜𝑖
(𝐿)

(1 − 𝑜𝑖
(𝐿)

) 𝑜𝑗
(𝐿−1)

 

𝛿𝑖
(𝐿)

= (𝑡𝑖
(𝐿)

− 𝑜𝑖
(𝐿)

) 𝑓′ (𝑡𝑜𝑡𝑖
(𝐿)

) 

𝛿𝑖
(𝐿)

= (𝑡𝑖
(𝐿)

− 𝑜𝑖
(𝐿)

) 𝑜𝑖
(𝐿)

(1 − 𝑜𝑖
(𝐿)

) 

𝑊𝑖𝑗
(𝐿)

= 𝜂𝛿𝑖
(𝐿)

∗ 𝑜𝑗
(𝐿−1)

 

For 𝑊𝑖𝑗
(ℓ): 

∆𝑊𝑖𝑗
(ℓ)

= 𝜂𝛿𝑖
(ℓ)

𝑜𝑗
(ℓ−1)

 

 

(𝑡𝑖
(ℓ) − 𝑜𝑖

(ℓ)) 𝑓′ (𝑡𝑜𝑡𝑖
(ℓ))  

 

  



General structure: 

 

 

 

 

 

 

 

 

 

 

 

 

Forward pass → 𝑜 (calculate output) 

Backward pass → update 𝑊𝑖𝑗
(𝐿)

 

  



Example 5.1 
To illustrate this powerful algorithm, we apply it for the training of the following network, shown in 

Figure 5.4. The following htree training pattern pairs are used, with 𝒙 and 𝒕 being the input and the 

output data respectively: 

𝐱(𝟏) = (0.3, 0.4),     𝐭(1) = (0.88) 

𝐱(𝟐) = (0.1, 0.6),     𝐭(2) = (0.82) 

𝐱(𝟑) = (0.9, 0.4),     𝐭(3) = (0. 57) 

 

Biases are treated here as connection weights that are always multiplied by (−1) through a neuron to 

avoid special case calculation for biases. Each neuron uses a unipolar sigmoid activation function given 

by: 

𝑜 = 𝑓(𝑡𝑜𝑡) =
1

1 + 𝑒−𝜆𝑡𝑜𝑡
, using λ = 1, then 𝑓′(𝑡𝑜𝑡) = 𝑜(1 − 𝑜) 

  



Solution 
 

 



 



 



  



Required Steps for Backpropagation Learning Algorithm 

• Step 1: Initialize weights and thresholds to small random values. 

• Step 2: Choose an input-output pattern form the training input-output data set: 

(𝑥(𝑘), 𝑡(𝑘)) 

• Step 3: Propagate the 𝑘𝑡ℎ signal forward through the network and compute the output values or all 

𝑖 neurons at every layer (ℓ) using: 

𝑜𝑖
ℓ(𝑘) = 𝑓 (∑ 𝑤𝑖𝑝

(ℓ)
𝑜𝑝

(ℓ−1)
𝑛ℓ−1

𝑝=0
) 

• Step 4: Compute the total error value 𝐸 = 𝐸(𝑘) + 𝐸 and the error signal 𝛿𝑖
(𝐿)

 using formulae: 

𝛿𝑖
(𝐿)

= [𝑡𝑖 − 𝑜𝑖
(𝐿)

] [(𝑡𝑜𝑡)𝑖
(𝐿)

] 

• Step 5: Update the weights according to: 

∆𝑤𝑖𝑗
(ℓ)

= −𝜂𝛿𝑖
(ℓ)

𝑜𝑗
(ℓ−1)

,    for ℓ = L,… , 1      using  

𝛿𝑖
(𝐿)

= [𝑡𝑖 − 𝑜𝑖
(𝐿)

] [𝑓′(𝑡𝑜𝑡)𝑖
(𝐿)

]      and proceeding backward using 

𝛿𝑖
(ℓ)

= 𝑜𝑖
(ℓ) (1 − 𝑜𝑖

(ℓ))∑ 𝛿𝑝
(ℓ+1)

𝑤𝑝𝑖
(ℓ+1)

𝑛ℓ

𝑝=1
     for ℓ < 𝐿 

• Step 6: Repeat the process starting from step 2 using another exemplar. Once all exemplars have 

been used, we then reach what is known as one epoch training. 

• Step 7: Check is the cumulative error 𝐸 in the output layer has become less than a predetermined 

value. If so, we say the network has been trained. If not, repeat the whole process for one more 

epoch. 

 



 

 

 

 

 

 

 

 



∆𝑤𝑖𝑗
(ℓ)

= 𝜂𝛿𝑖
(ℓ)

𝑜𝑖
(ℓ−1)

 

Error signal: 

𝛿𝑖
(ℓ)

= 𝑓′ (𝑡𝑜𝑡𝑖
(ℓ)) [𝛿1

(ℓ+1)
𝑤1𝑖

(ℓ+1)
+ 𝛿2

(ℓ+1)
𝑤2𝑖

(ℓ+1)
+ ⋯+ 𝛿𝑝

(ℓ+1)
𝑤𝑝𝑖

(ℓ+1)
+ ⋯+ 𝛿𝑛𝑝

(ℓ+1)
𝑤𝑛𝑝𝑖

(ℓ+1)
]  

𝛿𝑖
(ℓ) = 𝑓′ (𝑡𝑜𝑡𝑖

(ℓ)) ∑ 𝛿𝑝
(ℓ+1)

𝑤𝑝𝑖

(ℓ+1)

𝑛𝑝

𝑝=1

 

For a sigmoid AF, there is a special case: 

𝑓′ = 𝑓(1 − 𝑓) → 𝑜(ℓ)(1 − 𝑜(ℓ)) 

 

4.6 Momentum 
When 𝜂 is small, the convergence towards the target is slow: 

 

 

 

 

 

Conversely, when 𝜂 is large, it can miss the target (convergence not met) 

 

 

 

 

 

𝐸𝑚𝑖𝑛 = 0.05 

∆𝑤⃗⃗ (ℓ)(𝑘 + 1) = −𝜂
𝜕𝐸(𝑘)

𝜕𝑤⃗⃗ (ℓ)
 𝜈∆𝑤⃗⃗ (𝑘)

(ℓ) 

 

∆𝑤⃗⃗ (ℓ) 
𝜈 ∈ [0, 1] 

𝜈 = 0.8, 0.9 

  



 

𝑓(𝑥) = 𝑥 sin(𝑥) 

𝑥 = 0~10 



 

Using more neurons in the hidden layer doesn’t necessarily improve the performance of the system, but 

using more training data pairs improves system performance. 

 

  



4.7 Radial Basis Function Neural Network (RBF NN) 
- Special case of a feedforward neural network 

1. 3 Layer FF NN 

 

 

 

 

 

 

 

 

 

 

 

 

 

2. Unity line weights between (neurons) layer 1 and layer 2 (they have the same value). 

3. AFs in the neurons in hidden layer are kernel functions. 

• Gaussian function: 

𝑔𝑖(𝑥 ) = 𝑒

−||𝑥 −𝑣⃗ 𝑖||
2

2𝜎𝑖
2

 

 𝑥 = input vector 

𝑣 𝑖 = center vector 

𝜎𝑖 = spread parameter 

• Logic function: 

𝑔𝑖(𝑥 ) =
1

1 + 𝑒

−||𝑥 −𝑣⃗ 𝑖||
2

2𝜎𝑖
2

 

  



 

 

 

 

 

 

 

 

Output: 

𝑜𝑗(𝑥 ) = 𝑔1(𝑥 )𝑤𝑗1 + ⋯+ 𝑔𝑖(𝑥 )𝑤𝑗𝑖 + ⋯+ 𝑔𝑛2
(𝑥 )𝑤𝑗𝑛2

     ;      𝑗 = 1, 2, … , 𝑛3 

𝑜𝑗(𝑥 ) = ∑ 𝑤𝑗𝑖 ∗ 𝑔𝑖(𝑥 )
𝑛2

𝑖=1
 

 

Training: 

• Parameters in the hidden neuron AFs (centers and spreads) 

• Link weights between the hidden layer & output layer 

 

Note: 

A Radial Basis Function (RBF) neural network is a neuro-fuzzy system 

  



Chapter 5: Neuro-Fuzzy Systems 

5.1 Introduction 
 Fuzzy logic Neural networks 

Representation Linguistic description of 
knowledge 

Knowledge distributed within 
computational units 

Adaption Some adaptation Adaptive 

Knowledge Representation Explicit and easy to interpret Implicit and difficult to interpret 

Learning Non-existent Excellent tools for imparting 
learning 

Verification Easy and efficient Not straightforward  
(“black box” reasoning) 

 

Integrated systems of fuzzy logic (FL) and neural networks (NN) 

1. Neuro-fuzzy (NF) system 

FL parameters can be trained by using NN training methods (back propagation, etc.) 

2. Fuzzy-neuro system (RBF) 

Neural network, but some neurons are fuzzified 

3. Neural fuzzy systems 

Just a simple combination of FL and NN (separate systems utilized in series) 


