
Part 3: Roots of equations 

Bisection method: 

 

 

 

 

 

 

Open method: 

 

 

 

 

 

 

Convergence speed for iterative methods  

(how do we measure the convergence speed of iterative methods?) 

1. Order of convergence 

2. Rate of convergence 

{𝑋𝑛}: 𝑥0, 𝑥1, 𝑥2, … , 𝑥𝑛, … , … 

 

 

 

 

 

|𝑥𝑛+1 − 𝐿|,     |𝑥𝑛 − 𝐿| 

lim
𝑛→∞

|𝑥𝑛+1 − 𝐿|

|𝑥𝑛 − 𝐿|
= 𝜇     ;      0 ≤ 𝜇 ≤ 1 

1st : 0 ≤ 𝜇 ≤ 1 : the sequence {𝑥𝑛} is said to converge 𝑄 − 𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 to 𝐿 

2nd : 𝜇 = 0 : 𝑄 − 𝑠𝑢𝑝𝑒𝑟𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑡𝑜 𝐿  

3rd : 𝜇 = 1 : 𝑄 − 𝑠𝑢𝑏𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑡𝑜 𝐿   



If the sequence converges 𝑄 − 𝑠𝑢𝑏𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑡𝑜 𝐿, and 

lim
𝑛→∞

|𝑥𝑛+2 − 𝑥𝑛+1 |

|𝑥𝑛+1 − 𝑥𝑛|
= 1 

Converges logarithmically to 𝐿. 

Order of convergence: 

lim
𝑛→∞

|𝑥𝑛+1 − 𝐿|

|𝑥𝑛 − 𝐿|𝓆
< 𝑀 

𝓆 = 1 : linear convergence 

𝓆 = 2 : quadratic convergence 

𝓆 = 3 : cubic convergence 

… 

 

  



Example  

1st sequence: 

(𝑥𝑛) = {1,
1

3
,
1

9
,

1

27
, … ,

1

3𝑛
, … } 

𝑥𝑛 =
1

3𝑛
     ;      𝑛 = 0, 1, 2, … 

𝑥𝑛 → 𝐿 = 0     ;       𝑛 → ∞ 

 lim
𝑛→∞

|𝑥𝑛+1 − 𝐿|

|𝑥𝑛 − 𝐿| 
=

|
1

3𝑛+1 − 0|

|
1

3𝑛 − 0|
=

1

3
< 1 

lim
𝑛→∞

|𝑥𝑛+1 − 𝐿|

|𝑥𝑛 − 𝐿|𝓆
=

1

3
     ;      𝑄 − 𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦  

2nd sequence: 

 

(𝑥𝑛) = {
1

3
,
1

9
,

1

81
, … ,

1

32𝑛 , … } 

𝑥𝑛 =
1

3 2
𝑛      ;      𝑥𝑛+1 = 𝑥𝑛

2 

𝑥𝑛 → 𝐿 = 0     ;      𝑛 → ∞ 

lim
𝑛→∞

|𝑥𝑛+1 − 𝐿|

|𝑥𝑛 − 𝐿| 
= lim

𝑛→∞
|

1
32𝑛+1 − 0

1
32𝑛 − 0

| 

lim
𝑛→∞

1

32𝑛 = 0    ;      𝑄 − 𝑠𝑢𝑝𝑒𝑟𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦  

3rd sequence: 

(𝑥𝑛) = {1,
1

2
,
1

3
,
1

4
, … ,

1

𝑛 + 1
, … } 

𝑥𝑛 =
1

𝑛 + 1
     ;      𝑛 = 0, 1, 2, … 

𝑥𝑛 → 𝐿 = 0     ;      𝑛 → ∞ 

lim
𝑛→∞

|𝑥𝑛+1 − 𝐿|

|𝑥𝑛 − 𝐿| 
= lim

𝑛→∞
|

1
𝑛 + 2

1
𝑛 + 1

| = 1     ;      𝑄 − 𝑠𝑢𝑏𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦  

lim
𝑛→∞

|
𝑥𝑛+2 − 𝑥𝑛+1

𝑥𝑛+1 − 𝑥𝑛
| = lim

𝑛→∞
|

1
𝑛 + 3 −

1
𝑛 + 2

1
𝑛 + 2 −

1
𝑛 + 1

| = 1     ;      𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑙𝑜𝑔𝑎𝑟𝑖𝑡ℎ𝑚𝑖𝑐𝑎𝑙𝑙𝑦 

  



Functional iteration and orbit 

If 𝑓: ℛ → 𝑅, 

𝑓0(𝑥) == 𝑥 

𝑓′(𝑥) == 𝑓(𝑥) 

𝑓2(𝑥) == (𝑓°𝑓)(𝑥) = 𝑓(𝑓(𝑥)) 

𝑓3(𝑥) == (𝑓°𝑓2)(𝑥) = 𝑓(𝑓2(𝑥)) 

… 

𝑓𝑛(𝑥) == (𝑓°𝑓𝑛−1)(𝑥) = 𝑓(𝑓𝑛−1(𝑥)) 

𝑓𝑛(𝑥) : the 𝑛 −th iteration of 𝑓(𝑥), 𝑛 ≥ 0 

Example: 

1st: 

𝑓(𝑥) = 𝑥 + 𝑎 

𝑓2(𝑥) = 𝑓(𝑓(𝑥)) = 𝑓(𝑥 + 𝑎) = (𝑥 + 𝑎) + 𝑎 

= 𝑥 + 2𝑎 

𝑓3(𝑥) = 𝑓(𝑓2(𝑥)) = 𝑓(𝑥 + 2𝑎) = (𝑥 + 2𝑎) + 𝑎 

= 𝑥 + 3𝑎 
… 

= 𝑓𝑛(𝑥) = 𝑥 + 𝑛𝑎     ;      𝑛 ≥ 1  

2nd: 

𝑓(𝑥) =
𝑥

1 + 𝑏𝑥
 

𝑓2(𝑥) = 𝑓(𝑓(𝑥) = 𝑓 (
𝑥

1 + 𝑏𝑥
) =

𝑥
1 + 𝑏𝑥

1 + 𝑏
𝑥

1 + 𝑏𝑥

 

=
𝑥

1 + 2𝑏𝑥 
 

𝑓𝑛(𝑥) =
𝑥

1 + 𝑛𝑏𝑥
 

3rd: 

𝑓(𝑥) =
𝑎𝑥 + 𝑏

𝑥 + 𝑐
(𝑏 ≠ 𝑎𝑐) 

𝑓2(𝑥) =
(𝑎2 + 𝑏)𝑥 + 𝑎𝑏 + 𝑏𝑐

(𝑎 + 𝑐)𝑥 + 𝑏2
 

Let 𝑥0𝜖 ℛ, the orbit of 𝑥0 under function 𝑓(𝑥) is defined as the sequence of points: 

𝑥0, 𝑓(𝑥0), 𝑓2(𝑥0), … , 𝑓𝑛(𝑥0), … 

𝑥0: seed of the orbit 



Example 𝑓(𝑥) = cos 𝑥, 𝑥0 = 0.5 

The orbit 

cos(0.5) = 0.8775825619 

cos(cos(0.5)) = 0.6390124942 

cos3(0.5) = cos(0.6390 … ) = 0.8206851007 

⋮ 

cos56(0.5) = 0.7390851332 

cos57(0.5) = 0.7390851332 

⋮ 

 

Example 𝑓(𝑥) = 𝑥2 − 1, 𝑥0 = 0.5 

𝑥0 = 0.5 

𝑥1 = 𝑓(𝑥0) = −0.75 

𝑥2 = 𝑓(𝑥1) = −0.4375 

𝑥3 = 𝑓(𝑥2) = −0.80859375 

⋮ 

𝑥19 = 𝑓(𝑥18) = −1 

𝑥20 = 𝑓(𝑥19) = 0 

𝑥21 = 𝑓(𝑥20) = −1 

𝑥22 = 𝑓(𝑥21) = 0 

⋮ 

𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒 

 

 

Fixed point 

𝑐 is a fixed point of function 𝑓(𝑥): 

𝑓(𝑐) = 𝑐  

 

 

 

f 

 

  



Example: 

1st: 𝑓(𝑥) = 𝑥3 − 0.9𝑥2 + 1.2𝑥 − 0.3 

𝑥 = 1 is a fixed point 

𝑓(1) = 1 − 0.9 + 1.2 − 0.3 = 1 

2nd: 𝑓(𝑥) = 𝑥 + 1 

no fixed point 

A periodic point: 

𝑓𝑛(𝑥0) = 𝑥0 for some 𝑛 

Example: 𝑓(𝑥) = 𝑥2 − 4𝑥 + 5 

𝑥0 = 1, 𝑓(1) = 2 not a fixed point 

𝑓(2) = 1 

→ 𝑓2(1) = 1, 𝑛 = 2, 𝑥0 = 1 is a fixed point of period 2. 

 

Theorem: 𝑥0, 𝑓(𝑥0), 𝑓2(𝑥0), … , 𝑓𝑛(𝑥0), … 

If lim
𝑛→∞

𝑓𝑛(𝑥0) = 𝑎 

Then 𝑎 is a fixed point of 𝑓(𝑥) 

𝑓(𝑎) = 𝑎 

For example, 𝑓(𝑥) = cos 𝑥, 𝑥0 = 0.5 

𝑓𝑛(𝑥) → 0.7390851332 = 𝑎 

 

Therefore, from the theorem, 

cos 𝑎 = 𝑎 

(In other words, 𝑎 is a fixed point of cos 𝑥) 

  



Logistic map: 

𝑓(𝑥) = 𝑟𝑥(1 − 𝑥),     0 ≤ 𝑥 ≤ 1 

                                                                                                        0 ≤ 𝑟 ≤ 4 

 

 

 

 

 

𝑥0, 𝑥1, 𝑥2, … , 𝑥𝑛, … 

𝑥𝑛+1 = 𝑟𝑥𝑛(1 − 𝑥𝑛),     𝑛 = 0, 1, 2, … 

Choose seed 𝑥0 =
1

2
= 0.5 

 

 

 

 

Famous literature by 𝐿𝑖 & 𝑌𝑜𝑟𝑘𝑒, 

Period of implies chaos 

 



 


