Part 3: Roots of equations

Bisection method:

Open method:
o f
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Convergence speed for iterative methods

(how do we measure the convergence speed of iterative methods?)
1. Order of convergence
2. Rate of convergence
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If the sequence converges Q — sublinearly to L, and
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g = 1:linear convergence
g = 2 : quadratic convergence
g = 3 : cubic convergence
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Functional iteration and orbit
If f:R - R,
Fo) S
f00) S £(x)
1260 & NG = f(f ()
30 == (f°fH) = f(f(x)

100 2 (pony () = £ )

f™(x) : the n —th iteration of f(x),n =0

Example:
1t
fx)=x+a
PO =ff@)=fx+a)=x+a)+a
=x+ 2a
) =f(f2()=f(x+2a) =(x+2a)+a
=x+3a
|;f"(x)=x+na|; n=1
2nd:
X
f(x)=1+bx
_xX
20y — — ___1+bx
£ =60 =1 () = 12 Py
X
1+ 2bx .
fn(x)=1+nbx
3
Fe =220 % ac)
(a® + b)x + ab + bc
200 = (a+ c)x + b?

Let xg€ R, the orbit of xy under function f(x) is defined as the sequence of points:

x0, f(x0), f2(x0), ooer f(x0), e

Xo: seed of the orbit



Example f(x) = cosx, x, = 0.5

The orbit
cos(0.5) = 0.8775825619
cos(cos(0.5)) = 0.6390124942
c0s3(0.5) = c0s(0.6390 ...) = 0.8206851007

c0s°%(0.5) = 0.7390851332
cos°7(0.5) = 0.7390851332

Example f(x) = x% —1,x, = 0.5

xo =0.5

x1 = f(xy) = —0.75

X, = f(x1) = —0.4375

x3 = f(x,) = —0.80859375

x19 = f(x18) = —1
Xz0 = f(x19) =0
X1 = f(x30) = —1
Xz2 = f(x21) =0

does not converge

Fixed point

c is a fixed point of function f(x):
fle)=c
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Example:

1% f(x) =x3—09x%2 + 1.2x — 0.3
x = 1is a fixed point

f(1)=1-09+12-03=1

2 f(x)=x+1
no fixed point

A periodic point:
f™(xy) = x, for some n

Example: f(x) = x?—4x+5
xo = 1, f(1) = 2 not a fixed point
f2)=1

- f2(1) =1,n = 2, x, = 1is afixed point of period 2.

Theorem: xq, f (%), f2(x0), ..., f™(x0), ...
If rlli_{rolofn(xo) =a

Then a is a fixed point of f(x)

fl@)=a

For example, f(x) = cosx, x, = 0.5
f™(x) - 0.7390851332 = a

Therefore, from the theorem,
cosa=a

(In other words, a is a fixed point of cos x)



Logistic map:

>
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f)=rx(1—-x), 0<x<1
0<r<4
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Choose seed xy = % =0
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Famous literature by Li & Yorke,

Period of implies chaos
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