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Lagrange Interpolating Polynomial
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Given (xo, f(xo)), (xl, f(xl)), fitting line.




Lo(x1) =0

Lo(x) = bo(x — x)
Lo(x) = fo(xo —x) =1

b0=
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li(xg) =0
Li(x) =1

X — Xg
Li(x) = .

1~ Xo

| f1(x) = f(xo) - Lo(x) + f(x1) - Ly (x) |

Given (xo, f(x0)), (x1, f(x1)), (x2, f(x3)) fitting polynomial of degree 2:
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| f2(x) = f(x0) " Lo(x) + f(x1) - L1(x) + f(x2) Lo (x) |

Lo(x) = bo(x — x1)(x — x3)
Lo(x) = bo(xg — x1)(xg — x2) = 1

1

b0 = oo —x0) Cxo — 1)
_ (x —x1)(x — x3)
Lo = G T o — 1)
_ (r=x9)(x —x3)
) = G ) —x)
Lz(x) _ (x - xo)(x - x1)

(2 — x0) (2 — x1)

X X
X X1
X X
X = Xo
X = Xq
X = Xy
X Xo
X = X1
x—x2



Example

Given the following data, use the Lagrange interpolating polynomial to fit the data.
xo=1; flx)=0
x; =4 ; f(x;)=1386294
X, =6 ; f(x) =1791760

Solution
Lo(x) = % - (1—15) (x2 — 10x + 24)
Li(x) = % = (%) (x* = 7x +6)
L, (x) = % = (1—10) (x% = 5x +4)

“ f2(0) = f(x0) " Lo(x) + f1(x) - L1 (%) + fo(x) - Lo (x)

lfi#il'im _ ..ﬁﬂ
Lo(x)={%) ;; f;fcol ) Xp
L@ ={y | hre
L@ =) ] Seher

(Where i =0,1,...n)

(x = x0) o (0 = 232 1) (¢ = X341) o (X — xp)

40 = o ) G = ) Ot = ) - Gt — )

=| |xi—xj

j=0

(Where j =0,1,..n ; butj #1i)
fr(lx) = f(x)Lo(x) + f(x)Ly (x) + -+ f(x) L (%)

= Z fxe)Li(x)
i=0

Estimate error:

n
X — X;
n zf[xlrxn:xn—lr---:xo]l_[( i)
i=0



Inverse Interpolation
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Find x such that f(x) = 0.3

1. Interchange x & f(x), construct the interpolation polynomial
2. Using a few point construct a polynomial then solving the equation to find x.

Using (2,0.5), (3,0.3333), (4, 0.25) to construct a polynomial:

fo(x) = 1.08333 — 0.375x + 0.041667x>
0.3 = f,(x) = 1.08333 — 0.375x + 0.041667x>

— x = 3.295842,5.704158

The exact value of x is:

1
f(x) == 0.3 » x = 3.333

Spline Interpolation
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Given a set of n + 1 data points (x;, y;) where no two x; are thesameand a = xq < x; < "X, = b,

the spline S(x) is a piecewise function satisfying:

1. S(x) € C?[a,b](S(x),S’(x),S" (x) exist and continuous
2. Oneachinterval [x;_4, x;], S(x) is a cubic polynomiali = 1,2, ..., n
3. S(x)=f(x)=y;, i=0,1,..,n
Assume that
Ci(x) ; xp<x<ux,

Sx)=<XC(x) ; x<x<2xy

Cr(x) 5 xpy1 <x < 2xy




And

Ci(x) = ag; + ag;x + az;x? + az;x3
i=12,..,n
as; #* 0
There are a 4n unknowns

The equations:

Ci()x=x;_, = Ci(xi—1) = flx —D(= yi—1)

Ci(‘xi—l) = Yi—l (l = 1I 2; 31 e n— 1)
Ci(x) =y (i=123..n-1)
(xi) = Ci,+1(xi) (l = 1) 21 3; v, — 1)
Ci"(xi) = Cilj.l(xi) (l =1,2,3,..,n— 1)

Total of 4n — 2 equations — boundary conditions are needed.
Case 1: The first derivatives at the endpoints are given

Consider clamped boundary conditions

C1(x0) = fo
Crn(xy) = fn,
Case 2: The second derivatives at the endpoints are given.

Y (o) = !
Crl (xn) = fo"
Special case f' = f,,"" is called natural or simple B.C.’s

Case 3: Periodic conditions

C1(x0) = Cn(xn)
C1(x0) = Cp(xn)
C1'(xo) = Cn”(xn)






To find S(x) In the interval x;_; < x < x;:

’ Xi—X X —Xij—1 .
C'x)y=M;y———+M;—— i=12,..,n
Xi = Xi—1 Xi = Xi—1
Integrate the moment function twice:
(x; — x)? (x — x;_1)?
C{ =-M,_ 4 ———+M,——
(x) i—-1 Zhl + l Zhl + a
Here h; = x; — x;_4
(x; —x)* (x —x;1)°
Ci(x) =M;_ l6hi + M; 6hll- +alx—x;_1)+p
Atx = x;_1:
Ci(x) = yi—q1 = f(xi-1)
(x; — 1)3
~ Ci(xi—q) = My T+0+0+ﬁ f(xi—1)
L
hi
B =f(xi—1) — M4 3
Atx = x;:
Ci(x) =y = f(x;)
] (xi l+1)

= Ci(xy) = MLT +a(x; —xi-1) + B = f(x)

a=(M;_,— M)— f ) — f(xi-1)

h;
The cubic function:
i 3 - Aj- 3 i i-1 hLZ
) = iy E g T [(Ml M) W]( —xi0) + f ) — M
_ (x; — x)° (x —x;1)° hi\xi—x h¥\x — x4
Ci(x) = M;_, 6h,; + M; 6h,; <f(xz 1) — M4 6> h; <f(x1) M; > h;

The first derivative of C;(x):

, (x; — x)? (x —x;_1)? h2\ 1 h2\ 1
Ci(x) = =M, 2 +M; oh. <f(x ) =M — ; f(xi)_MiZ>E




At x = x;, we have:

, (x; —x-1)*  f(x) — f(xi-1) h; h;
QQ0=O+Mi12d + lhil +Mll6 A@é

h.
= (M;_; +2M;) gl + flxi xi-1]

Forintervali +1,x; <x<x;4; (i=12,..,n—1)

(xi+1 - x)z (x - xi)z hi2+ 1 h12+1 1
C; = —M; + M, - D) — M;_ —+ M —
i+1 (x) 2 2hi+1 i ZhH_l f(xl) i—1 6 h1+1 f(xl+1) i+1 6 hi+1
At x = x;:
(Xig1 — xi)z f(xi—1) = f(x) hiyq hiyq
C! )=—M,———+0+ + M; - M, —
l+1(xl) i 2hi+1 hz+1 i 6 i+1 6
! 1
Claa () = —(2M; + Myy1) = MLy )

Since C; (x;) = Ciy1'(xp) (i=1,2,...,n—1)

(M;— 1+2M) +f[xuxl 1]

l+1

= —(@M; + My )~ Flxier. 1]

M;_1h; + 2M;(h; + hipq) + Mipqhivg = 6(f[xi41, %] — flxi xi-1])

h; h; flxivxi] = flxi, xi-4]
M;_ — +2M; + M; =6
-1 hi + hiyq “Thi 4 hi hi + hiyq
Define:
h;
o =— .
bRt hig ((=l)3‘"“)“")
h:
=1, +H;11
l i+1

And ai + Bl’ =1

Since:

hi =x; — x4
hiy1 = xi11 — x;
hi + hiy1 = Xj41 — X1

aiMiq +2M; + BiMiq = 6f [Xip, x4l =y 5 1=12,..,n—1
~ 1 ™

The boundary conditions



Case 1: The clamped

GivenCi(xo) = fo ; Cp(xy) = fn,

, _ (1 = x0)° (x0 — x,)? h\ 1 hi\ 1
Ci(xp) = _MOZ—h1+M12—hl_ f(xo) —Mog h_1+ f(x1) —Mlg Iy
- 0/ .e')

< o

, (x — x,)? (X, — Xp41)? hZ\ 1 hZ\ 1
Cn(xn) = _Mn—l . “ + Mn . 2h:+1 - f(xn+1) - Mn+1 ?n h_n + f(xn) - Mn?n h_n
= fn’

S — X, Xno1] A
N Mn_1+2Mn=6fn f[hn n 1]=Yn
n

All the equations:

2My + M{ =7y,

aMy + 2My + B1M, =y,
a;My +2M, + B, M3 =y,

An_1Mp_ +2M,_; + Bn—an =Vn-1
M, _1 +2My =y,

For the first row By = 1, and for the last row a;,, = 1 (f, is added to make the equation look consistent)

2 0
w3 5 (M) (7o)
" . . M, Y1
’ ) M, _ Yn—
Ant1 2 Pn-a 1\7,; ! ;nl
0 a, 2 n

{an=Bn=1)



Case 2, the natural boundary conditions:

Given:
Mo = fo'
My = £
Let:
Bo=a,=0

Yo = 2Mo = 2fy’
Yn = 2M, = 2f;

Error and convergence:

Assume that f(x) € C*[a, b], S(x) is the cubic spline interpolating function that satisfies clamped or
natural boundary conditions.

Leth =maxh; (1 <i<n)
Where h; = x; — x;_4

Then,

[ ) [a; nlIf& = sl < ¢ |, ) [aci( o R

Fork = 0,1, 2 with:

7384 ’ T4 27 g

Co
The interpolation is much better for the function itself, and it becomes worse for the derivatives.

As with all other functions, the accuracy of a derivative function is worse than the original function itself.
Consider the coefficients as well, which get much larger as the order of the derivatives increases.

Consider k = 0, the function converges very quickly, at h*
Consider k = 1, the derivative function converges more slowly, converging at h3

Consider k = 2, the derivative functions converges even more slowly, converging at h?



