Total Least Squares

Definition:
Given a matrix 4,,,.,, m > n (tall matrix), and a vector b € R™, find residuals E € R™™ andr € R™ that

minimize the Frobenius norm ||E : r||F subject to the conditions b +r € [,,,(A + E)

AN N
The least-squares

y=a0+a1x+E

Given data set:

(xli yl)' (XZJ yZ)J L] (xm' ym)
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Distance of a point to a line:
Equation of the line

nx+ry—7r-w=>0

4

? = (7’1:7'2):‘/_‘; = (Wl’WZ)

(wq,w, ) is a point on the line

re+ri=1

3 \j/llrzllz =1
A

Take Z = (x,y)

Equation:

7-(Z—-w)=0

d=|7(Z-w)|
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Total least squares: find # and w that minimizing the (error) functional

SE7) = Z_(F G-W))

Here
z, = (x3, ¥;)

Define:
7= (1)
w = (W, w,)



S w) = Z,(ﬁxi + 1oy — Wy — 1wp)?
l

The centroid of the data set:

X
x__

n
_:Z%
y n

ST w) = Z (r (x; = %) + 12(y; = §) F X + 1y — rywy — ryw,)?

= zi{[rl(xi — )+ 1, = PP+ [ E—wy) + 1§ = wp)]?
+2[r(x; — %) + 12 (y; = MK —wy) + 1 (F — w)l}

= Zi{[rl(xi = %) + 1, = N + nlr(F = wy) + 1T = w)l? + 2[r G — %) + 12 (i — Y]

'Z[H(xi —x) + 1y — }_’)]}

M

Since

D I =0 + o0 = 7))

i

- Zrl(xi — %) +Zr1(yi - 5)
= rlz(xi —x)+n Z(J’i -

= rl(El:ixi — i %) +T2(lZiyi - 2%iy)
=rQix —nx) +n, (X y; — ny)
=0

SEW) = Y G = D) + 10 = PP + 1l (8= wy) + 1o = wy)]?

L
The centroid Z = (%, ¥) minimizes(r; (X — wy) + 1, (¥ — WZ))2
So,

Wy =X, W, =Y

Therefore the fitting line passes though the centroid of the data.

SGW) = ) 0 — B + 1,0 = D)

4



Define

x1—7f }’1—32
B = xz__x V2—y
xn_f :Vn_y

T
r= {é}
S@w)=Br)I(Br)

=rTBTBr

L1

Find the vectorr = {
2

}with 2 + 17 = 1 minimizing

S@wW)=rTBTBr

The right singular vector of B corresponding to the smaller singular value of B, g5, is the vector 7.

For matrix B,, , », the singular value decomposition is given by:
B=Upx2X2x2 Vszz
Where

0
Y2x2 = [001 o ]where 01 = 0, = 0 (singular values)
2

The columns of U,, , , are the left singular vectors, the columns of V are the right singular vectors.

BTB = (USVD)T(UXVT)

= VyTUTUSVT
= VyTyvT
— 0-12 0 VT
0 o2
2
BTBV=V["1 02]
0 oy

* The TLS (total least square) solution always exists and is given by the line through the centroid
orthogonal to the smaller singular vector of B.

* The solution is unique if oy # 7,



Example: (1, 1), (-1, 1), (1, -1), and (-1, -1)

The least squares is the line:

y=20
ST w) = 2(a? + p?)

1, = —sinf
1, = cos @

a=|r-(z—w)|
a=|(z-w)|

a=|—sinf (1) + cosd (1)]
a = |cos 8 — sin 0|

B =177
=|—sinf(1) + cosb (—1)
= |cos 6 + sin 6|

a? + B% = (cos O — sin0)? + (cos 8 + sin 6)?

=2

->SFHw)=4

Example
X 1 2 3 4 5 6 7
y 0.5 2.5 2 4 3.5 6 3.5
Using TLS fit a line
Solution:
_in_1+2+---+7_
= n 7 -
. 05+25+--4+35
y = & = = 3.42857
n 7
X1 —X Y1—)y 1—4 0.5-3.42857
B = X=X Y=y _|2—4 2.5 —3.42857
X3—X Y3—Y 7—4 3.5-3.42857
-3 —2.9285
B == —:2 —0.9:2857
3 2.07142861;, 5
o [ 28 23.5
BB = [23.5 22.714286




Eigenvalues 1.70900 and 49.005286 the corresponding eigenvectors are:

Lo 2725

—0.666424
. = 0.666424
r, = —0.745573
Wi = X =4

w, =¥ = 3.42857

The line
X+ nry—rnw —rnw, =0
0.666424x — 0.745573y — 0.109447 = 0
+
14
4
)
14
I
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I : S ‘ H N =
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Part 2: Interpolation

Given a data set:

Fit a polynomial of degree n:

%o |8 (S

Yo ¥ ¥

(xOI yo)' (xll yl)' L] (xn' yn)

f(x) =ayt+ax+ azx2 + o4 anxn = v,
f(xo) = ag + arxo + azxf + -+ apxf =y,

f(xn) = ag + a1xn + axxi + -+ apxy = ¥y

2 2
[T xo x5 - X5] (% Yo
[1 xoxf xlz‘ al_n
1 x, x2 - x21\@n Vn

T Vandermonde matrix

2.1 Newton’s divided difference interpolating polynomials

Liner interpolation:

Slope:

y=f()
f(x1) = f(xo)

X1 — Xo

)’1—)’0=)’—YO

X1 —Xy X—Xp

Y1—Yo
=y, +
Y=DYo —

(x — xo)
0

flx) = fxo) +

X1

f ) = f(xo)
—x

(x — )

:the first finite divided dif ference




Quadratic interpolation:

f2(x) = bg + by (x — x¢) + by (x — x¢) (x — x1)

f2(x0) = by = f(x,)

f2(x1) = bg + by (x1 — x0) = f(x1)

f2(x2) = bg + by(x3 — xo) + by (xz — x0) (X2 — x1) = f(x2)

by = f(x0)
b = f (1) — f(x0)

SO = f o)

X1~ X
by = oy 0 - a0 - L )
f (1) — f(x0)
(Xz o) [f(xz) f ) + f Q) — fxo) — —xo( - xo)]
Xo

— G e — re + £ — ) - (1- 2222

_ 1 B 3 _ X2~ Xo
—Yh_%¥%_ﬂﬂﬂh)f&0+ﬂﬂ)f@&@ )

[ = £ + 1) = £ (=32

- (2 — x0) (2 — x1)

1 _ (f(xz) — f(x1) _ f(x) — f(x0)>

_xz—xo Xy, — X1 X1 — Xg
1 f(xz) — f(xq1) _ f(x1) = f(x0)
_xz—xo X, — Xq X1 — Xg

This is the second finite divided difference

Example: Fit data points
szl,f(xO)=0

xl = 4‘,f(x1) = 1386294
Xy = 6, f(xZ) = 1791759

using quadratic polynomial.

Solution: f,(x) = by + by (x — xg) + by (x — x0) (x — x1)

by =f(x0) =0
1.386294 — 0
p, = LED) =S (x0) — 04620981
X1 — Xo 4-1

- 1.791759 — 1.386294

fa) = fla) = 0.2027325
Xy — X1 6—4

fx2) = f(xq1) _ f(x1) — f(x0)

b, = X2~ X1 X1~ %o

X2 — Xo
0.2027325 — 0.4620981
2= 6—1




o fo(x) = 0.4620981(x — 1) — 0.0518731(x — 1)(x — 4)

Use this polynomial to evaluate f(2):
f(2) = f2(2) = 0.5658444

f(x) =Inx

f(2) =In2 = 0.6931472

Relati _10.5658444 — 0.6931472 100%
elative error = 06931472 0

Relative error = 18.4 %

Using the first two data points to find f(2):
fi(x) = by + by (x — x5) = 0.4620981(x — 1)
f1(2) = 0.4620981

Relati _10.4620581 — 0.6931472 100%
elative error = 06931472 0

Relative error = 33.3%

General form of Newton’s interpolation:
fa(x) = bg + by (x — x¢) + by (x — x0)(x — x1) + - + by (x — x0) (x — x1) ... (x — X7)

Here:

bo = f(XO)

_fl) —flxo) A
b el
p, = [Pzl bl 8 g,

Xy — Xp
by = (sl T Rl B, o)
3~ Xo

Recursive

flxn Xn—1, o, X1] — f[Xpn—1, «-r X1, X0 ]
f[xn' xn—l'xlvxo] =
Xn — Xo

T nth finite divided dif ference




Example: Estimate f(2) using a third-order Newton’s interpolating polynomial:
xo=1 ; f(x)=0
x;=4 ; f(x) =1.386294
X, =6 ; f(xy)=1.791759
x3=5 ; f(x3)=1.609438

i Xi f(x) f[xi»xj] f[xi;xj:xk] f[xi:xjrxk:xl]
_ fox) —f(x) _ flxi %) = flxg %]
(xi —x;) (2 — xx)
0 1 0
1 4 1.386 0.4620981
2 6 1.792 0.2027326 —0.05187311
3 5 1.609 0.1823266 —0.0204110 0.007865539 n

= fz(x) = 0.4620981(x — 1) — 0.0518711(x — 1)(x — 4) + 0.007865539(x — 1)(x — 4)(x — 6)

f2(x) = 0.6287686
RE = 9.3%

Errors (Newton’s interpolating polynomial)

f&) = fu(x) + Ry (x)
A

The error:

n+1
R = L0 xp) =) )

Here c is the interval containing the data using the finite divided difference.

Ry = flx1, Xp, Xpg1s s X1, X0 ] (6 — x0) (X — x1) ... (x — Xy)
(n+ 1)t

If there is extra data. [x,41, f(Xns1)]:
Then:

R, = f[xn+1 s Xy eees X ) (X — X0) oo (X — X))



Example: Using quadratic polynomial: f,(x) = 0.4620981(x — 1) — 0.0518731(x — 1)(x — 4) using \66(\’*

x3 =5, f(x3) = 1.609438 to estimate the error. ,C A 7
0\0\6 c& :
Solution: W <g6
Ry = flx3,x2, %1, X0l (23 — x0) (3 — x1) (X3 — X3) k \Qco

R, = 0.00786553(5 - 1)(5 —4)(5 - 6)
Erroratx = 2:

Ry = flx3.%2,%1,%0](2 —1)(2 —4)(2 - 6)
R, = 0.0629



