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Fit a second order polynomial to the data.

Solution:

4
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T 1

1
na,  QCwa () = Ty

Cxdag  (Exf)a; (Tx)a, = Tyix
(inz)ao (inB)Ch (fo)az = Z}’ixiz
n==~6

le' =15
le-z =55

Yx} =225

Yxt =979
Yy; =152.6
Zyl-xi = 5856

Yyix? = 2488.8

6 15 55)(% 152.6
jis 55 asflal -f s

55 225 979)\a; 2488.8

The linear equations:



Then:

ay = 2.47857
a, = 2.35929
a, = 1.86071
L y = 2.47857 + 2.35929x + 1.86071x2 )
Since
1526
_ L —=2 = 25.433

\n

n
y =2 —y)* =2513.39
L= 3y — ap — agx; — azx?)’ = 3.74657

[95)

Standard error:

_ S, _ | 374657 _ .
YT T mr D -2+ D

The coefficient of determination:

LSS
Sy
,  2513.39 — 3.74657
= 2513.39
2 = 0.99851

What do you do if you have a polynomial? It’s the same procedure:

y=ag+ax?+ax*+-+a,xm"+e

T 1

m + 1 unknown: a4 a; ...a,,



Multiple linear regression

y=ag+a;x; +ax,+e

8\‘0; (DCMZCz;)%:‘ aa+0?9¢>*0‘2°“>

/ S 67-’- 0\04*01'I-, + a'zxz

‘I’]

Xz

Given data:
(11 X1 Y1)
(12 X2 ¥2)
(xln Xon yn)
Consider:

Sy = Zeiz =Y —ap—agxq; — azxzi)2
Sr = Sr(ag, a1, a3)

55,

Sa. 22(yi —ag — a1xy; — azx;) * (=1) =0
Qo

55..

Sa. 22(yi —ag — axq; — Azxz;) * (—x1;) =0
a,

55,

S, 22y —ag — arxy; — Axp;) - (—x;) =0
a

2o + Xagxy; + Yazxp; = Yy,

nao XEx1)aq XExzi)a, = XY
Xx1)ag (lezi)al Cx1ixz)a, = XXy
QCxzi)ae  Xxqixz)ay (2x§i)a2 = XX2Yi

y=ag+ax;+ax,+--+aux,te



Each data point:

X1y X2i - Xmipy ¥Vi (1 = 1,2, ...,n)

Sy = Zelz =Y i — o — ayx; — = ApXymy)?
Standard error:

Sylx = n—(m+1)

General linear least-squares__
y=agzg+az; +-+anz, t+e

T 1

Zy, Z1, Zy- the basis functions
In the multiple linear regression:

zg=1,21 =Xq1,2y) = X3, Zm = Xy
Polynomial regression:

y=ag+ax+ax’+-+apx™+e
Zo =1,z =x,2, = X%, ..., Zp = x™

For example:

zog =1,z = coswt,z, = sinwt

Z;::Ms wt + a, sin wt ?
Note: this is the first three terms of the Fourier expansion.

Fort the sample point

Z0ir Z1ir 0 Zmipy Vi (1 = 1,2, ..., n)

doton

€ =Yi — QAoZo; — A121; — " — AmZmi
i=12,..,n
Sy = Zezz
6S 6S 6S
=0, —=0, .. T =0
da, oaq oa,;,

In the matrix form:

S L[Z]T[Z]{A} - 2" \




Here

Qo
w={"t m-= }

am
Zo1  Z11 Z21

Zo2 Z12  Z22 - Zm2
[Z] =|203 Z13 Z23 - Zm3

|~ZOn Zin  Zon e Zanﬂ b’ L“\ * \)

[Z] is a tall matrix

To solve the final linear equations,
LU decomposition
Cholesky’s method

{4} = (Z]"[zD~ 2] (v}

Let
-1 -1 -1
211 Z12 Z1,m+1
r L 21 21 71
(Z17[ZzD~t = 12 22 2,m+1
-1 -1 -1
Zm+1,1  Zm+12 - Zm+1m+1

The diagonal of the matrix:
zj;': Thevarianceofa;_; (i=1,2,..,m+1)

The off-diagonal of the matrix (basically, not the diagonal):
Zi}l: The covariance of a;_; and a;_4

— 77142
var(ai—l)_ Zij y|x
52
cov(a;-1,aj-1) =z z;j Sylx
S7

Syl = n—(m+1)



For one independent variable, the linear regression:
y=agt+ax+e

———

The lower and upper bounds of a,:
L=ag =ty 2n-2"5s(ao)
U=ay+tyon2s(a)
The lower and upper bounds of a;:
L=ay —taon-—2"s(ay)

U=a, — ta/Z,n—Z ) S(al)

. the student distribution
ta/z,n-

two sided interval

s(a;) = the standard error of the coefficient a;

s(a;) =/var (a;) (i=0,1)



() (W)

Time, s Measured v, m/s Model-calculated v, m/s
(a) (b)
1 10.00 8.953
2 16.30 16.405
3 23.00 22.607
4 27.50 27.769
5 31.00 32.065
6 35.60 35.641
7 39.00 38.617
8 41.50 41.095
9 42.90 43.156
10 45.00 44.872
11 46.00 46.301
12 45.50 47.490
13 46.00 48.479
14 49.00 49.303
15 50.00 49.988
Mned-suiE
l y=a,+ax+e ‘
T N
‘(_/(‘('\Oéel W No\)ﬁ \6

Since

Yn = Qo + A1 Xy

\\
y=ao+ax+e 8
; D
V1 - o + aixq QQOC,
Y2 = Qo +ax;

Y1

a V2

}{

Yn
1 x Y1
=2 W=} m=y"
1 Xn In

[Z]1{A} = {Y}

[Z]"[Z){A} = [Z]"{Y}

E [5483 2251498i.321]{32}={2§i§i7.j3}



y=agt+ax+e

nedel { Ak 00,
N

[Z]"[Z1{A} = [Z]"{y}

siss 2219121 ) = {2242143)

(-l Sam] s

(112D

_ {—0.85872}
1.031592
a, = —0.85872
a; = 1.031592
Standard error of the estimation:
Sy

Sylx = n—(m+1)

Here
S, =X — ap — ax;)?
S, =9.69104
9.69104
Sylx = m = 0863403
Since

zi{ = 0.688414
755 = 0.000465

sap) = |77 (sypx)

s(ap) = 1/(0.688414)(0.863403)2
s(ap) = 0.716372

22421.43



s(ay) = ,/zgzl(sy|x)2

s(a;) = +/(0.000465)(0.863403)2
s(a;) = 0.018625

For a 95% confidence interval,
n =15
a = 0.05

tas2, n-2 = toos/2, 13 = 2.160368

NOTE: You can find this value in excel by using TINV(0.05, 13)

For ay:

The lower bound

L(ag) = ag — tasz, n—2S(ao)

L(ay) = (—0.85872) + (2.160368) - (0.716372)
L(ay) = —2.40634

The upper bound

Uag) = ag + tg/z, nzS(ag)

U(ay) = (—0.85872) + (2.160368) - (0.716372)
U(ay) = 0.688912

s —2.40634 < ag < 0.688912

Foray:

The lower bound

L(ay) = a1 — tayz, n-2"S(a1)

L(a,) = (1.031592) — (2.160368) - (0.018625)
L(a;) = 0.991355

The upper bound

Uay) = ay +tgs nzS(ag)

U(a,) = (1.031592) + (2.160368) - (0.018625)
U(a;) =1.071828

~ 0.991355 < a; < 1.071828
ANNANAANAANLANAAN

NOTE: Lets look at the slope — when we use our hypothesis testing, and we provide our model, we try to
test our model. Ideally the measured data fits the model exactly. So, we expect the slope of the fit line to
be close to 1, or equal to 1. By our estimation, we find that our slope is between 0.99 and 1.07.

Therefore, the test result support our hypothesis from the slope point of view because the target slope

equals 1 and by our estimation the 1 is between our interval for a,.



Non-linear regression
fx) =aog(1—e™™%)

Using Gauss-Newton method to solve the problem.

Data:
(xlr Y1), (xz; yz), vy (xn, yn)
Curve to fit:
y = f(xi’ aO' al) '"'am) + e
y1 = f(xl' aO' al) "';am) + 61
Y2 = f(xZ' Ay, A1y oiey am) + (=)
yTl = f(xn: aOP alP ey am) + en
yvi=fx)+e  (i=12,..,n)
Iteration:

o) .
o =’f(xl-),-§+ao HULYY

j=123, ..
Note: we're using the first few terms of the Taylor expansion to determine approximate results.

The error equation:

yi— f(x) =¢
— 5f(x); . 6f(x);
% \yi_f(xi)j= 8a01Aa0+ 6a11Aa1+ei
Herem =1
{D} = [Z]{AA} + {E}
Here

(Vi _f(x1)j\

(D} = {3’2 _f(xz)j}
In _}l(xn)j



ey
(£} =1{"
eTl

(A4} = {Zi}
[8f (x1);  6f(x1);7

2] = da, daq
Sf(xn)j 6f(xn)j
L day da; |

\ [21"1z]{a4} = (]" (D}
{84} = ([2]"[z)"*(2]" (D}

(ap)j+1 = (ag)j + Aay
(a)j+1 = (@) + Aay

Find the error:

(ak)j+1 - (ak)j
(ak)j+1

€x +100% (k=0,1)

Example pd \ O.Qi[ O.?5| ).95 ) \.75 l 1.25
9 \ 0.32' 0.57 l 0. 68 , 0.‘7u| .79

Use the data to fit:
y = ao(1 - e™%)
Using the initial guessof ap = 1anda; =1
Solution
f(x) = ap(1—e™™%)

The partial derivatives are:

5f

A 1 — p—aq1X
day ¢

1)

—f = qpxe N¥

a;

da, da, )‘M
5f(x2)j 5f(x2)j

(

.+

GCevesaty:

0 waﬂ)



The first iteration

ap =1
a, =1
0f (x1)  6f (x1)7
5010 6a1 1— e—a1x1 apx,e
6f(x2) OfC)| [1—e %2 gyxe
] = da, Sa; |~ .
8f(xs) Of(xs)| 1T aoxse
L Jday, da; |

0.2212 0.1947
0.5276 0.3543
[Z] =]0.7135 0.3581
0.8262 0.3041
lo.soas 02371

—a1Xq

—a1X3

—Qa1Xs

y1—f(x1) y1 — ap(1 — e~ %1%1)
{D}O — Y2 _f(xz) _ Yo — ao(l _ e_a1x2)

ys— fxs))  \ys —ag(1 — emoams)

0.0588
0.0424

(D}, ={ —0.0335
—0.0862
~0.1046

[Z]5[Z]0{2A} = [Z}([D}

[2.3193 0.9489 {Aao}
0.9489 0.4404l|Aa,

(Cooace)

{Aao} _ {—0.2714}
Aa, 0.5019
)=+ (osone 1 = (1 2200)

The relative error

For ay:
|O'7286 _ 1| 100% = 37%
0.7286 0T o

Foray:

|1.5109 -1

. 0/, — 330
1.5019 | 100% = 33%



The second iteration:

a, = 0.7286
a; = 1.5019

1—e %% gox;e” U™
[Z]1 = [ ™ - ]
1—e %  qgyxge”®%s
0.3130 0.1251
0.6758 0.1771
[Z]; =(0.8470 0.1393
0.9278 0.09204
l0.9659 0.05585J

(0.05194
Y1 =ao(l—e " 4* 0.07765
{D}, = { } ={0.06293
Vs = ao(1 — e~ N 0.06407
0.08630

taa)= {06916725582}

{ao} _ {0.7286} N {0.06252} _ {0.7910}

a, 1.5019 0.1758 )~ \1.6777

The relative error
For ay:

|O.7910 —0.7286

. 0% = 7.99
07910 |100A) 7.9%

Fora,:

|1.6777 —1.5019

+100% = 10.50°
1.6777 | 00% 0-5%

The 3" iteration:

o) =070

Relative errors are 0.1% and 0.15%

(e} =070

The 4™ iteration:

Thus,

~y = f(x) =0.7919(1 — e~ 16751x) ‘




